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354 �768#&-9��:�������;<� 3=�>?=�>A@�B�C*D?EGFIH�D?J�K >L>M>L>L>M>L>N>L>M>L>L>M>L>M>L>M>L>N>L>L>M>L> =@�B1O1B$PQO1RSP*TUD?VSF�K$C*RSPW>M>L>N>L>M>L>L>M>L>M>L>M>L>N>L>L>M>L> =X B�K$C+Y*BIT9Z[R0P*H8R8K$C*Y\F]T?DUV0F�O1B^>L>M>L>L>M>L>M>L>M>L>N>L>L>M>L> _=�>a`1> X B�K$C+Y*D?b(cdH8DUJIKW>M>L>L>M>L>N>L>M>L>L>M>L>M>L>M>L>N>L>L>M>L> _e R0PfBITUcdH8DUJIKgO(RLTUB$PihdY*BIb(TURSjkF�Pml�RSK(R8Y\F]T?RSPn>M>L>N>L>L>M>L> oX B�K$C+Y*BIT9O1RSP+H�RSKIC+Y+F�TUD?VSFIO1BW>L>M>L>L>M>L>M>L>M>L>N>L>L>M>L> p=�> _(>
qrPfC*Y+cdHsC+c(Y\F�O(R8T�t�Y+F�bdF&uvBw>N>L>M>L>L>M>L>M>L>M>L>N>L>L>M>L> p
xzy -9��-</�{g�$/0'.��|�%(�760�"/ }
`1>?=�>�~"D�PvC+R8jkF�PQO(RLqrPvC+Y*c<HsC*cdY+F���F]Y+D�F]b(T?R >L>M>L>M>L>N>L>L>M>L> �`1>a`1>A@�B1O1B$PQZ[R0PfT?DUV0F]K$C*R0P X B�K"E�RSKdH�D?B�K<F]T?RSP�>M>L>M>L>N>L>L>M>L> �tm�SH8K(D�H8F�PQO(R�O1D?P*R8�dB�>M>L>N>L>M>L>L>M>L>M>L>M>L>N>L>L>M>L> =I=� K"E&F]Y+D?F�K(VSF�>M>L>M>L>L>M>L>N>L>M>L>L>M>L>M>L>M>L>N>L>L>M>L> =So`1> _(>A@�B1O1B$PQZ[R0PfT?DUV0F]K$C*R0P � K$C*R8lIY+F�TUR0P�>L>M>L>M>L>M>L>N>L>L>M>L> =Gptm�SH8K(D�H8F�PQO(R�O1D?P*R8�dB�>M>L>N>L>M>L>L>M>L>M>L>M>L>N>L>L>M>L> =Gp� K"E&F]Y+D?F�K(VSF�>M>L>M>L>L>M>L>N>L>M>L>L>M>L>M>L>M>L>N>L>L>M>L> =&�`1> od>
q�uvRSj�hdTUB�>L>M>L>M>L>L>M>L>N>L>M>L>L>M>L>M>L>M>L>N>L>L>M>L> `��@�B1O1RSTUB�jkF&C+R8jk�&C+D?H8B >L>N>L>M>L>L>M>L>M>L>M>L>N>L>L>M>L> `(=X B�K$C+Y*BIT9@ Z^>L>M>L>L>M>L>N>L>M>L>L>M>L>M>L>M>L>N>L>L>M>L> `]oX B�K$C+Y*BIT9@ Z � >M>L>L>M>L>N>L>M>L>L>M>L>M>L>M>L>N>L>L>M>L> `��

��y -9��-</�{g�$/0'.��|�%(�760�"/k��-!����#&�.6S�$#&�.- H∞
xd�_(>?=�> � K$C*Y+B1O1cdH8H8DUJIKgF�T9H�BIKIC+Y*BIT H∞

>L>L>M>L>M>L>M>L>N>L>L>M>L> `��q�T9hdY*BIb(TURSjkF�O(R�H�B�K$C+Y*BIT H∞
>L>L>M>L>M>L>M>L>N>L>L>M>L> _d=
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~"BITUcdH8DUJIKgF�T9h(Y+B�b(T?R8jkF H∞

>M>L>L>M>L>M>L>M>L>L>N>L>M>L> _d=_(>a`1> X B�j b(D?KdF�H8DUJIKgO1RMT�F�PQO1B$PQtm�SH8K(D?HSF�P >L>M>L>M>L>L>N>L>M>L> _�oe R8C*Y+B�O(RLRSPfC+F�O(B�H8B�K H�BIKdO1D�H�D?J�K O1RLF�H�BIh(T�F]j�DURSK$C*Bn>M>L> _�oe R8C*Y+B�O(RLRSPfC+F�O(B�P*D?KgH8B�KdO1D�H�D?J�K O1R�FIH�B�hdT?F�j�D?R8K$C+B >M>L> _"�e R8C*Y+B�O(R�P*F�TUD�O(F�PfD?K H�B�K<O1D?H8DUJIKgO(R�F�H�BIh(T�F]j�DURSK$C*B�>L>M>L> o$�
����� '.����%(�I�.;!�
%(' � -!�768#&-!'i{g�"/S�I�"�768#&%('.��|�%(��- �!�od>?=�>A@�B�C*D?EGFIH�D?J�K >L>L>M>L>M>L>N>L>M>L>L>M>L>M>L>M>L>L>N>L>M>L> o$�od>a`1>���T�F]K$C*R0F]j�D?R8K$C*BkO1RST���Y+B�b(T?R8jkF�>L>L>M>L>M>L>M>L>L>N>L>M>L> p��od> _(> e R0Pfc(TUC+FIO1BIP��rY*RSE$D?BIP�>M>L>N>L>M>L>L>M>L>M>L>M>L>L>N>L>M>L> p(=qrPfC+F�b(DUT?D?VSF�H8DUJIK�>L>M>L>M>L>N>L>M>L>L>M>L>M>L>M>L>L>N>L>M>L> p(=X B�K$C+Y*BIT�J�h1C+DUj�B�>M>L>M>L>N>L>M>L>L>M>L>M>L>M>L>L>N>L>M>L> p]oX B�K$C+Y*BIT�Y*BIb(cdPfC*BA>M>L>M>L>N>L>M>L>L>M>L>M>L>M>L>L>N>L>M>L> pIpod> od> X B�K$C+Y*D?b(cdH8DUJIKW>L>M>L>M>L>N>L>M>L>L>M>L>M>L>M>L>L>N>L>M>L> p��e R8C*Y+B�O(RLRSPfC+F�O(B�H8B�K H�BIKdO1D�H�D?J�K O1RLF�H�BIh(T�F]j�DURSK$C*Bn>M>L> p$�e R8C*Y+B�O(RLRSPfC+F�O(B�P*D?KgH8B�KdO1D�H�D?J�K O1R�FIH�B�hdT?F�j�D?R8K$C+B >M>L> �$`e R8C*Y+B�O(R ~1F]T?D?OdF�P*D?K X BIKdO1D�H�D?J�KgO1R��QH�BIh(T?F�j�DURSKIC+B >M>L> �$p
� � -<����'�:�/0�.-!���"/ } 3p1>?=�> e R0Pfc(TUC+FIO1BIP��NRSK(R8Y\F]T?RSP�>L>N>L>M>L>L>M>L>M>L>M>L>L>N>L>M>L> �1=p1>a`1>A@�B1O1B$PQZ[R0PfT?DUV0F]K$C*R0P�� H∞

>L>M>L>L>M>L>M>L>M>L>L>N>L>M>L> �1=p1> _(>�� hdTUD�H8FIH�D?J�K F]T X BIKIC+Y*BIT�Z[R0P*H8R8K$C*Y\F]T?DUV0F�O1Bz>M>L>L>N>L>M>L> ��`
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I � F jkF]C*Y+DUVMD�O1R8K$C*D�O(FIO���O1R�O1D?j�RSKdP*DUJIK F�h(Y+B�h(D�F�O(F	�s>
Op(x) 
 KdF�� cdKdH�D?J�K�
$c(R�H�BIK$C*D?R8K(RNC*�SY*j�D?K(BIPQO(R

x
F�T�Fh!B]C+R8KdH8D?F

p
� P*c(h!R8Y+DUBIY*R0P8>

B � ��Y*R��]uvB	��> � F�b!B�T�F�O1RLY+FIO1D?B c(KdD C\F]Y+DUB<>8>8>
R � ��Y*R��]uvB	��> � FIP�� c(KdH8DUBIK(RSPmY+RSF�TUR0P�� Y+FIH�D?B�KdF�TUR0P8>S>8>

H2
q�T�RSP*hdF�H8DUB�O1R��[F�Y+O
���(H�BIj�h(c(RSPfC*B�h!B�Y�� c(K<H�D?B�K(R0PQO1RH8cdF�O1Y\F�O(B D?K$C*R8lIY+F�b(T?RNP*B�b(Y+RNR8T9RfuvRLDUjkF]lIDUK<F]Y+DUB � H�BIKH8B�K$C*D?K"cdF�H8DUJIK F]K<F]T�� C+D?HSF RSKgRST9h(T�F]K(BkO1RSY*R0H��(Bd>

H∞
q�T�RSP*hdF�H8DUB�O1R��[F�Y+O
���(H�BIj�h(c(RSPfC*B�h!B�Y�� c(K<H�D?B�K(R0PFIH�B]C\F�O(FIP �gH�BIKgH8B�K$C*D?K"cdF�H8DUJIK F]K<F]T�� C+D?HSF RSK RST9h(T�F]K(BO1RSY*R0H��(Bd>

L2
q�T�RSP*hdF�H8DUB�O1R � RSb<R0PflIc(R��(H8B�j�h(c(R0PvC+B�h<BIY�� c(KdH�D?B�KdRSPQO1RH8cdF�O1Y\F�O(B D?K$C*R8lIY+F�b(T?RNP*B�b(Y+R

(−∞,∞)
>

C q�T�RSP*hdF�H8DUB�� B�Y+jkF�O1B�h<BIY�� c(KdH8DUBIK(RSPQH8B�K$C*D?K"cdF�PS>
R

q�T�H�B�K]uvc(K$C*B�� B�Y+jkF�O1B�h<BIY T?BIPmK �(j�R8Y+BIP Y+RSF]T?RSPS>
C

q�T�H�B�K]uvc(K$C*B�� B�Y+jkF�O1B�h<BIY T?BIPmK �(j�R8Y+BIPmH�BIj�h(TURfuvBIPS>

&
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‖B‖ � F�K(BIY*jkF R8cdH8T ��O1R0F�O(R B >
BT � F jkF]C*Y+DUVNC*Y\F]K<Pfh(cdRSPfC+F�O1R B >
B+ � F h<PfRScdO1B � D?K$EIR8Y\P*F O1R B �

B+ , (BTB)−1BT >
B⊥ 
 KdF�j�F]C*Y+DUVLH8c
�IFIPQH�B�T?c(j�KdFIPiR��1hdF]KdO(R8K R8TR0PfhdFIH�D?B BIYfC+B�lIB�KdF�T!F

B
�
BT ×B⊥ = 0

>
∇s(x) q�T9lIY+FIO1D?R8K$C*RMO1R

s
� ∇s(x) =

[
∂s
∂x1

· · · ∂s
∂xn

]T

ker(B)
q�T	�IR8Y+K(R8T7BkRSP*hdFIH�D?B K"c(T?BkO1R

B
>

span(B)
q�T9R0PfhdFIH�D?B R��1hdF]KdO(D?O1B�h!B�YQT�F�PQH8B�T?c(j�KdF�PQO1R

B
>

rank(B)
q�T9K �(j�R8Y+B�O1R�H�BITUc(j�KdFIPmDUK<O1R8h!R8KdO(DURSKIC+RSPQRSK

B
>

diag(d1, . . . , dn) � F jkF]C*Y+DUVLO1D�F]lIB�KdF�T7F�b(T?B 
$c(RSP�� BIY*jkF�OdFh!B�YQT?BIPQF�Y*lIc(j�R8K$C*B$PiO1RLT�F�� c(KdH8DUJIK	


diag(d1, . . . , dn) =






d1 0 0

0

> > >
0

0 0 dn





>

col(x1, . . . , xn)
q�T�E�RSH�C*BIYmH8B�T?c(j�KdF�� B�Y+jkF�O1B�h<BIYQTUB$PF�Y*lIc(j�R8K$C*B$PiO1RLT�F�� c(KdH8DUJIK	


col(x1, . . . , xn) =






x1>>>
xn






sign(s) � F�� c(KdH8DUJIK���
����������
sign(s) =

{
1 s > 0
−1 s < 0

>

[
A B
C D

]


 K P*D�PvC+R8jkF�Y*RSh(Y*R0PfRSK$C+F�O(B h!B�YQc(KdF�jkF]C*Y+DUVO1RNC+Y+F�KdP�� RSY*RSKdH�D�F �
[
A B
C D

]

, C(sI −A)−1B +D
>

&��
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� F]Y\F�j�B]C+DUE&F]YgR8TLhdY*R0PfRSKIC+R C+Y+F�bdF&uvB �iP*R h(Y+RSP*R8K$C\F]K�O1R j�B1O1B�j c
�l�RSK(R8Y\F]T9F�TUlIc(K(B$PQO1R�T?BIPmh(Y+B�b(T?R8jkFIP � F�TUlIc(KdF�PQO(R�T?FIP P*B�T?cdH�D?B�K(R0P 
$c(R�PfR

�dF�KkB�b1C+R8K(D�O1BLR8KkT�F�Pi�]Y+RSFIP O1R[H�BIK$C*Y+B�T(h!B�Y�j�B1O1B$P�O1RSP*T?DUV0F]K$C*R0P ��H8B�K$C*Y+B�TO1R0P*H8R8K$C*Y\F]T?DUV0F�O1B<>
)+*�,-*/.0,-12.
3547698;:$<�19.


 K(BNO1RrT?BIP�h(Y+DUK<H�D?hdF]T?RSP�h(Y*BIb(T?R8jkF�P 
IcdRiP*c(Y*lIR8KLRSK�R8T"�]Y+RSFQO1R H�BIKIC+Y*BIT �RSP R8T�O1D�P*R8�(B O1R H�B�K$C+Y*BIT?FIO1B�Y+RSPihdF]Y\F�PfD�PfC*R8jkFIP 
$c(RLB�h!R8Y\F]K R8K�H8B�KdO1D�H�D?B �K(R0PkO1R�DUK<H�R8Y*C*D�O1c(j b(Y+R ��PfR�RSKdH�c(RSK$C*Y\F]K�PfBIj�R8C*D�O1BIP�F h!R8Y*C*c(Y+bdF�H8DUBIK(RSPR �"C+R8Y+KdF�PS>1q�T�H8B�K$C*Y+B�T�h!B�YQj�B1O1BIP[O1RSP*TUD?VSF�K$C*RSPmY+RSP*c(TUC+F�F&C+Y+FIHsC+DUEIB�H8cdF]KdO(BR8T�H8Y*DUC*RSY*D?B O1R O1D�PfRS�(B RSPMY+B�b(cdPfC*RSV�
�H�BIj�B P*R�E�RSY+� R8K R8TrHSF]h �UC*cdTUB ` ��cdKP*D?PfC*RSj�FgH�BIK$C*Y+B�T�F�O1B h<BIYNj�B1O1B$PLO1RSP*TUD?VSF�K$C*RSPNR0PMDUKdP*R8K<PfD?b(T?R�Fgh!R8Y*C*c(Y+bdF �H�D?B�KdRSP�R DUK<H�R8Y*C*D�O1c(j b(Y+RSP�F�H�BIh(T�F�O(FIP�F]TmH�BIKIC+Y*BIT�> � lIY+F�KdO1RSP Y+FIPflIBIP ��TUB

$c(R �dF�H8R c(KgH�BIKIC+Y*BIT<h!B�Ymj�B1O1BIPmO1R0PfT?D?VSF]K$C+RSPiRSP lIF�Y+F�KIC+DUV0F]Y ��F h!RSP+F]YQO1Rh!R8Y*C*c(Y+bdF�H8DUBIK(RSP R�DUK<H�R8Y*C*D�O1c(j b(Y+RSP�� ��
$c(R�R8T PfD�PfC*R8jkF P+F&C*D�P �.F]lIF c(KdF Y*R0P��C*Y+D�H8H�D?J�K h(Y+R8E"D?F�j�R8K$C*R RSPfC+F]bdTUR0H�D�O(F(>�= BIY*jkF�TUj�R8K$C+R O1D�H��dF Y*R0PvC+Y*D�H8H8DUJIKwPfRP+F&C*D�P �.F�H�RNF]h(T?D�H8F]K<O1B FIH8H�D?B�KdRSP O1RNH8B�K$C*Y+B�T7O1D�P*H8B�K$C*D?K"cdF�P �$cdP*F�KdO1B�H�BIK(j c �C+FIO1B�Y+RSP h!B�YQRfuvR8j�h(T?Bd>

� F�C*�SH8K(D�H8F O(R H8B�K$C*Y+B�T j�RSKdH�D?B�K<F�O(F �iF�h!RSP+F]YgO1R
PfRSY P*c(jkF]j�R8K$C*RY+B�b(cdPfC+F ��Pfc � Y*R�O1R F�TUlIc(KdF�PkO(RSP*E�R8K$C\F&ufF�PS> 
 KdF
O1R�RSTUT�F�P RSP�R8T[TUT�F]jkF�O(B>@?BADCECGFIH 
 ���wB >@A � CGADJKFICGF@L �9R0PvC+BgR0P���E$D?b(Y\F�H8DUBIK(RSPMO1R F�T C\F � Y+RSH8c(R8K<H�D�F 
$c(Rh(c(R0O1R8KwTUT?R8l$F]Y[F OdF]�dF�Y R8T�PfD�PvC+R8jkF(>;M[C*Y\FkO1R0PfEIR8K$C+F]ufF�RSP 
$c(R R8T H�B�K$C+Y*B��T�F�O1BIYmP*J�T?B�RSPQH8F�hdF]VMO1RLRSTUD?j�DUKdF�YQT?FIP h<RSYfC+c(Y*b<F�H�D?B�KdRSP�
$c(RLR8K$C*Y\F]K h<BIYQR8T
=
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j�D?P*j�BwH8F�KdF]T�
$c(R R8TmH�BIK$C*Y+B�T��9h<BIY P �iP*B�T?B K(B R0P�Y+B�b(c<PvC+B�R8K H8cdF]K$C*B Fh!R8Y*C*c(Y+bdF�H8DUBIK(RSPMO1R0P*FIH�BIh(T?FIO(F�PS> M[C*Y+B h(Y*BIb(T?R8jkFgRSP�
$c(RkT�FgY*BIb(cdPfC*R8V�K(BP*R l$F]Y\F]K$C*D?VSF�O1R0P*O(R RST hdY*D?j�R8Y�j�BIj�R8K$C*B � �<F � cdK h!R8Y+DUB1O1B
O1R C*D?R8j�h<BD?K(D?H8D?F�T7R8KgR8T 
$c(RMR8T9P*D?PfC*RSjkF K(BkP+F&C+D?P �.F�H8R T�F Y+RSPfC*Y+D�H8H�D?J�K h(Y*RSRSPfC+F�b(TUR0H�D�O(F �h!B�YmTUB 
$c(RNR8T9P*D?PfC*RSj�F �1O1c(Y\F]K$C*RNRSP*R h!R8Y+D?B"O(B �"RSPmP*R8KdP*DUbdTURNDUK<H�T?cdPfB�F h<RSY �C*cdY*bdFIH�D?B�K(R0PMO1R�C*D?h<B FIH�B�hdT?FIO1Bd>�
�DUKdF�TUj�RSKIC+R���C+R8K(RSj�BIPMR8T hdY*BIb(TURSjkF O1RY+R�C*Y+B � F]T?D?j�RSK$C+F�H8DUJIK O1R P*F�TUD�O(Fd>�q�K�T�FQT?D C+R8Y\F&C*cdY+FQP*B�b(Y+R j�B1O1BIP�O1RSP*TUD?VSF�K$C*RSPl�RSK(R8Y\F]T?j�R8K$C*RMP*RMFIPfcdj�R 
$c(R�P*RLO1D?P*h!B�K(R�O1RNC+B"O(BkR8T�RSPfC+FIO1Bd>
� - ! :�/S6S�"|���%(����% � �$#060:�# ! %(����-<���"/ ���$/0%(�I- � '.%(��%(/�� � F�Y+F 
$c(R
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$c(R T?BIP Pfc(b<PfD�PvC+R8jkF�PP*RMO(RSP+H�B�KdRSHsC\F]K � E"c(R8T?E�RSKgF�H8B�K(R0HsC+F�Y+P*RMO1c(Y\F]K$C*RMT�F BIh<RSY+FIH�D?J�K9>
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��c(KdF�h(Y*BIh(c(R0PvC\FhdF�Y+F�H8B�j b(DUK<F]Y+TUB�H�B�K j�B1O1B$PmO1RSP*TUD?VSF�K$C*RSPS> � � ��P*R[C+Y+F]C+F�RST7h(Y*BIb(T?R8jkF O1RY+R�C*Y+B � F]T?D?j�RSK$C+F�H8DUJIK O1RNP*F�TUD�O(Fd> � FIP C*�0H�K(D�H8FIPrO1R0P*F�Y*Y+B�T?T�F�O(FIP�P*R F�h(T?D?HSF]KkF]TH�BIK$C*Y+B�T�O1R0P*H8R8K$C*Y\F]T?DUV0F�O1B RSKAR8TmH8F]h � C+c(TUB�o<>�q�TmH8F�h �UC*c(T?Bwp�H�BIK$C*D?R8K(R T�F�PH�BIKdH�T?cdP*DUBIK(RSPS>
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q�K�R0PvC+R�H8F]h � C+c(TUB P*R �dFIH�R c(KdF b(Y*RSE�R D?KIC+Y*B1O1c<H8H�D?J�KLF�T�H�BIKIC+Y*BIT&h<BIY�j�B �O1B$PNO(RSP*TUD?VSF�KIC+RSP �dC\F]K$C*B H�BIK"E�R8K<H�D?B�KdF�TUR0P[H�BIj�B D?K$C*R8lIY+F�TUR0P8>�~"R�O1RSP+H�Y+D?b<RSKT�F�P C+�SH8K(D?HSF�PiO1R O1D�P*R8�(B cdPfc<F]T?RSP �kP*R F�KdF]T?DUV0F]KkF]T?l�cdKdF�PiO1R P*cdP�hdY*BIh(DUR0O(F �O1R0P���H8B�j�BMY*R0O1cdHSH�D?J�KkO1RQB�Y\O1RSK R D?K"E&F]Y+D?F�K(VSF Y*R0Pfh!RSH�C*B�FNh!R8Y*C*c(Y+bdF�H8DUBIK(RSPO1R C*D?h<BkFIH�B�hdT?FIO1Bd> � T �dKdF�T9PfRNh(Y+RSP*R8K$C+F c(K H�Y+D C+R8Y+DUB hdF]Y\F O1R8C*RSY*j�D?KdF]Y T?FP*c(h<RSY �!H�D?R�O(RSP*TUD?VSF�KIC+R�R8K
R8T�HSF�P*BgO1RkT?BIPMj�B1O1B$PLO1RSP*TUD?VSF�K$C*RSPMD?K$C*RSl�Y\F]T?RSP �c(K hdF�Y+��j�R8C*Y+B�
$c(R�P*R �dF�H�B�K<PfD�O1R8Y\F�O(B lIR8K(RSY+F�TUj�R8K$C+RNH8B�j�B�TUD?b(Y+R�>
T ����� � � � � ��� # � ��� ���
��V%X % �*X VB#	��# V9��# W 	 �
q�KwlIR8K(RSY+F�T �dR8T�C*�8Y+j�DUKdB ��
 � CGF � A � �
F F � C7H � > C � H A�
DADH 
 A
� � F PfR�Y+R �<R8Y+RF P*D?PfC*RSjkF�P�O1RSP+H�Y+D C+BIP h<BIY RSH8cdF�H8DUBIK(RSP O1D � R8Y+R8KdH8D?F�TUR0P H�BIKAC*�SY*j�D?K(BIP O1D�P��H�BIK$C*D?K$cdBIPS>7Z D�H��(BIPLP*D?PfC*RSjkF�PMR � �(D?b!R8KAH�BIj�h!B�Y*C+F�j�DURSKIC+BIPNjk��PME&F]Y+D�F�O1B$P

��jk��P�H8B�j�h(T?RvuvBIP 
$c(R T?BIPkP*D?PfC*RSj�FIP�H�B�K$C+DUK"c(B$P8> � j�B"O(B
O(RgRfuvR8j�h(T?B �H�BIKdP*D?O1RSY*RSj�BIP h(Y+DUj�R8Y+B�TUB$PQPfD�PvC+R8jkF�PmT?D?K(RSF�TUR0P
ẍ− 0.4ẋ+ 0.29x = 0

��`1>?= �
�

ẍ− 0.4ẋ+ 4.04x = 0.
��`1>a`��

� j b<B$P P*D�PvC+R8jkF�P PfBIK DUKdRSPfC+F]bdTUR0P��<R8T�h(Y*D?j�R8Y+BkC*D?R8KdR�P*cdP h!B�T?BIP c(b(D�H8FIO1BIPR8K
s1,2 = 0.2±0.5j

� R8TdP*R8lIc(KdO1BMR8K
s1,2 = 0.2±2j

> � F �dl�cdY+FL`1>?= DUT?cdP �C*Y\FkT�F�PmC+Y+F �IRSH�C*B�Y+D�F�PQO1R O(D?H��(B$P[P*D?PfC*RSjkF�P H8cdF]KdO(B
x(0) = 0

�
ẋ(0) = 1

>q�K�T�FwhdF�YfC+R DUV 
IcdDURSY+O(F O1R T�F �<l�c(Y\FwR0PvC\� Y*R0P*F�T C\F�O1B H�B�K T��UK(R0F l�Y+c(RSP+Fc(K(BkO1RLT?BIPQP*R8lIj�R8K$C*B$PQO1RLT?F C+Y+F �IRSHsC+B�Y+D?F H�cdF�KdO1B�R8T�RSPfC+F�O(B�O(R8T�P*D?PfC*RSjkF
�
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�DUlIc(Y\F�`(>U=��dt�Y+F �IRSHsC+B�Y+D?FIP 
 � F � CGA � � F � O1R�T?BIP P*D�PvC+R8jkF�P ẍ − 0.4ẋ+ 0.29x� D?V 
$c(D?R8Y\O(F	� �
ẍ− 0.4ẋ+ 4.04x

��O1R8Y+RSH��dF	� H�B�K
x(0) = 0, ẋ(0) = 1

>

H�cdj�hdTURQT�FLH�BIKdO1D�H�D?J�K
xẋ < 0

> � B1O1R8j�BIP�K(B]C\F]Y 
$c(R O1c(Y\F]K$C*RQRST(Y+RSH�BIY*Y+D�O1BO1RMRSP*RLPfRSl�j�R8K$C+B �1T�F�O(D?PfC+F�KdH�D�F F�T9h(c(K$C+B�O(RNR 
$c(DUT?D?b(Y*D?B
x = ẋ = 0

hdY+�IH �C*D�H8F�j�R8K$C*RMK(B F�c(j�R8K$C+Fd> ��BIYQB]C+Y+F�hdF�YfC+R��1R8K RST9T?FIO1BkO1R8Y+RSH��dB�P*RLY*R0P*F�T C\Fc(K(B�O(R TUB$PrP*R8lIj�RSK$C*BIP 
$c(R H�c(j�h(T?R T�FLH�B�K<O1D?H8DUJIK
xẋ > 0

>I~"D!b(D?R8KkT�FNC*Y\F �
��R0HsC+B�Y+D?F C*D?R8K<O1R FMD?K �dK(DUC*B�H�BIK � B�Y+j�RQR8T(C+DURSj�h<B hdF�P+F �]RSKkR8T<Y*R0H�B�Y+Y+D?O1BLO1RRSP*R P*R8lIj�R8K$C*B T?F O1D?PfC+F�KdH�D�F F�T�BIY*D?l�RSKwO1D�Pfj�D?K"c
��RI> X BIKdPfD�O1RSY*RSj�B$P[F��(B�Y\Fc(K PfD�PvC+R8jkFgH�c
�$F RSPfC*Y+cdH�C*c(Y\F E&F]Y �?R R8K$C+Y*R T?FgO1R8T P*D?PfC*RSjkF�� `1>?= � ��T�FgO1R8TP*D?PfC*RSj�F � `1>a`��

ẍ− 0.4ẋ+ f(x, ẋ) = 0, f(x, ẋ) =

{
0.29x xẋ ≤ 0
4.04x xẋ > 0

.

� F C+Y+F �IRSHsC+B�Y+D?F O1R O1D�H��(BLPfD�PfC*R8jkFLH8cdF]KdO(B x(0) = 0
�
ẋ(0) = 1

P*RQj cdRSP �C*Y\FkRSK T?F �dl�cdY+F `(> `(>!~"R h(c(RSO(R B�b<PfRSY*E&F]Y 
IcdR R8T P*D?PfC*RSj�F RSPNF�P*DUK$C*J�C*D�H8F �j�R8K$C*RNRSPfC+F�b(T?R��"RSPfC*B�PfRMO1R8b!RLF�
$c(RNT�F H�BIKdH8F]C*RSKdF�H8DUJIK O1RNTUB$PiP*R8lIj�RSK$C*BIPO1RkH8FIO(F c(KdFgO1R�T?FIP R0PvC+Y*c<HsC*cdY+FIP Y+RSP*c(TUC+F R8K c(KdF O1D�Pfj�D?K$c<H�D?J�KwKdR�C+F O1RT�F�O(D?PfC+F�KdH�D�F�F]T�B�Y+D?l�R8K�>
� B$P9PfD�PfC*R8jkFIP9O1R�R0PvC+Y*cdH�C*c(Y\F E&F]Y+D?F�b(TUR hdc(RSO1RSKLB1H�c(Y+Y*D?Y9O1R � BIY*jkF KdF]C*c �Y\F]T �$O1RSb(D�O1B�F T�F�� Y+D?HSH�D?J�KgPfR0H8F�h!B�YmRfuvR8j�h(T?B �1H�c
�IBIPrC*�SY*j�D?K(BIP cdP*cdF]T?j�R8K �C*R H8B�K$C*D?R8KdR8KAO1D�P*H8B�K$C*D?K"c(D?OdF�O1R0P�
7B O1R � BIY*jkF O1R8T?D?b<RSY+FIO(F �9H8B�K
F�H8H8DUBIK(RSPO1R H8B�K$C*Y+B�T O1D�P*H8B�K$C*D?K"cdF�P ��K(BIY*jkF]T?j�R8K$C*RkF�h(TUD�H8FIO(F�PNh!B�YLj�RSO(DUB O1RkY+R8T?R �E&F�O1BIY*R0P O(R C+DUh!B��vRSKdH�RSKdO1D�O1B � F]hdF�lIFIO1B
	s>9qrPfC*B$PkPfD�PvC+R8jkF�P C+DURSK(R8K�EGF�Y*D�F�P
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�DUlIc(Y\F `1>a`���t�Y+F �IRSH�C*B�Y+D�F F � C5A
� � F O(R8TiP*D�PvC+R8jkF H�BIK(j c(C+F�O(B H�B�K x(0) =
0, ẋ(0) = 1

>

E�RSK$C+F&ufFIP��&RSK$C*Y+RQR8T?T?FIP��IT?FMRSTUD?j�DUKdFIH�D?J�K O1R[V8B�K<F�P j c(R8Y*C+FIP��]T�F �.F�H8DUT?D�O(F�OkO1RD?j�hdTURSj�RSK$C+F�H8DUJIK � H8B�j�BgP*R�R �1h(T?D?HSF]Y\� jk��PMF�O(R8T�F]K$C*R �<D?KdP*R8KdP*DUbdDUT?D?OdF�OwFO1R8C*R8Y+j�DUK<F�O1B�C*D?h!B�O(RLh<RSYfC+c(Y*b<F�H�D?B�KdRSPS>
T �	T � ��� �
� ��� � � 	 ����#�'-� �
��� �����

� R8KdP*R8j�BIPmRSK R8T9P*D?PfC*RSj�F�O1RLR0PvC+Y*c<HsC*cdY+F�E&F]Y+D?F�b(T?R
ẋ = a− 3 sign(x), a = 2, x(0) = c1

��`1> _ �
X cdF�KdO1B

x < 0
C*R8KdR8j�BIP

ẋ = 5
� � T�F P*B�T?cdH�D?J�K�F�T?F RSH�c<F�H�D?J�K�R0P

x(t) = 5t + c1

 hdF]Y\F

x > 0
C*RSK(R8j�B$P

ẋ = −1
� � T�F�PfBITUc<H�D?J�K RSPfC+�O(FIO(F�h!B�Y

x(t) = −t+ c1
� EIR8Y��dl�cdY+F�`1> _ �s> X BIK � B�Y+j�R

t
F�c(j�R8K$C+F �1H8F�OdFP*B�T?cdH�D?J�KwF�T?HSF]K(V0FkT�F T��UKdRSF

x = 0
> � F O1D?Y+RSH8H8DUJIKwO1R�TUB$P HSF]j�h!BIPNDUj�h(D�O1R
$c(RNT?F PfBITUcdH8DUJIK P+F]T?lIF O(R R0PvC\F�T��UK(R0F �$F P*RSF h<BIY F�Y*Y+D?bdFLB�h<BIYmF�bdF&uvB<>�q�KRSPfC*R�RvuvRSj�h(TUB h!B1O1R8j�BIPNEIR8Y 
$c(RkF O1D � R8Y+R8K<H�D�F O1R�T?BIPMP*D?PfC*RSj�FIPNTUD?K(RSF�TUR0P��R8Tih(c(K$C*B O1R R 
$c(D?T?DUb(Y+D?BwPfR F]T�H8F]KdVSF R8K
C+DURSj�h<B��<K(D C+Bd>�M[C*Y\F h(Y+B�h(D?RSO(FIOD?j�h!B�Y*C+F�K$C*R RSP�T�FAO1R�Y+B�b(cdPfC*RSV�� �IF 
$c(R�RST hdF]Y\�]j�R8C*Y+B

a

$c(R F�hdF]Y+RSH8RR8K ��`(> _	�rh!B1O1Y �?F C*BIj�F�YQH�cdF�T�
$c(D?R8Y E&F]T?B�Y 
$c(RNP+F&C+D?P �.F]l$F |a| < 3
>1~1DURSj�hdY*R

� H�c<F]KdO1B RSPfC+F Y*RST?FIH�D?J�KwP*R�H�c(j�h(T�F �7R8T P*D?PfC*RSjkF F�T?HSF]K(V0F]Y\�kR8T h(c(K$C+BgO1RR 
$c(D?T?DUb(Y+D?B
x = 0

R8KgC*D?R8j�h!B �dK(DUC*Bd>Z[RAFIH�c(RSY+O1B H�BIK � `$� � �Qh(c(RSO(R P*cdH�R0O1R8Y 
$c(R R8K c(K P*D?PfC*RSjkF Y+R�C+Y*B��F]T?D?j�RSK$C+F�O(B R8T H8B�K$C*Y+B�T H�BIK(j c1C+R�F � Y+RSH�cdR8KdH8D?FgF]TUC+F � C+R8J�Y+D�H8F]j�RSKIC+R D?K � �K(DUC+F	�s> � TQj�B&E"D?j�D?R8K$C+BwY+RSP*c(T C\F]K$C*R P*R T?R TUT�F]jkF � L��
L � F � � 

	 A � C5F >�qrPfC+F
�
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�DUlIc(Y\F�`(> _.�(t�Y\F ��R0HsC*BIY*D�F�PiO1R8T�PfD�PvC+R8jkF

ẋ = 2− 3 sign(x)
>

O1R��dK(D�H�D?J�K �$PfD<b(DURSKkRSPrh<B1H�B � BIY*jkF�T �]RSK H�BIj b(D?KdF�H8DUJIKkH�B�KkRSTdRfuvR8j�h(T?B F]K �C*RSY*D?B�Y K(B$PQO(F cdKdF�D?O1R0F D?K$C*c(DUC*D?E&F�O1RMTUB 
$c(RMPfBIK T?BIP j�B1O1BIPmO1R0PfT?DUV0F]K$C*R0P8>q�K2�?=�= ��P*RMh(Y+RSP*R8K$C+F�c(KdF�O1R��dK(D�H�D?J�K � B�Y+jkF]T >q�T�RfuvR8j�h(T?B h(Y+RSP*R8K$C\F�O1B h(T?F�K$C*RSF c(K h(Y+B�b(T?R8jkFkC+R8JIY*D�H�B DUK$C*RSY*R0P*F�K$C*R�>q�T�h(c(K$C*B
x = 0

RSP c(K hdc(K$C*B O(R R 
$c(D?T?DUb(Y+D?B �#�$F 
$c(R H8cdF]K<O1B
x(t)

T?TURSlIFF H8R8Y+B �!Pfc E&F�TUBIY h!R8Y+jkF]K(R0H�R H8B�KdPfC+F�KIC+R ��P*c O1RSY*D?E&F�O(FkKdRSH�R0P*F�Y*D�F]j�RSKIC+RRSPMD?l�c<F]T�F H�RSY*B ��RSPLO1R0H�D?Y �
ẋ = 0

>�~1DUK
R8j bdF]Y+l�B �7K(B �dF ��� c(KdH8DUJIK
x(t)

�

$c(RwF�TNP*R8Y DUK$C*Y+B1O1cdH8D?O(F�R8K
T�F�RSH8cdF�H8DUJIK ��`1> _ � Y*R0PfcdT C+R R8K

ẋ = 0
> qrPK(R0H�RSP+F]Y+D?B hdc(RSP �Sj�B1O1D �<H8F�Y�T�FQK(B1H�D?J�KLc<PfcdF�TIO1R � L � � > 
�� �kO1RrcdKdFQRSH8cdF�H8DUJIKO1D � R8Y+R8KdH8D?F�T�> q�K T�FwT?D C+R8Y\F&C+c(Y+F O1RgTUB$P�P*D�PvC+R8jkF�P�O1RgRSPfC*Y+cdHsC+c(Y\F E&F]Y+D?F�b(T?RP*R��<F]b(T�F K(B�Y+jkF]T?j�R8K$C*R�O1R P*B�T?cdH�D?B�K(R0PMR8K
R8TiPfRSKIC+D?O(B O(R 
�D?T?DUh(h!B&E��?=�= � >

� F]Y\F �dK(R0Prh(Y\��H�C*D�H�B$P h<B1O1RSj�BIP�c<P*F�YrR8T<j���C*B1O1B�O1R8T >@L � CEH L � F�� ��
 
 A � F � C5F >Z D?H��(B j��8C*B1O1B�KdBIP h!R8Y+j�D C+R[O1R�C+R8Y+j�DUKdF�YrT�F�P R0H�cdFIH�D?B�K(R0P�O1R j�B&E"D?j�D?R8K$C+BH�c<F]KdO1BgR8T T�F�O(BgO1RSY*R0H��(B O1R�T?FgRSH8cdF�H8DUJIK O1D � R8Y+R8K<H�D�F]T RSPME&F]T?cdFIO1B RSK cdKh(c(K$C+B�O(R�O1D?P+H�BIK$C*D?K$cdD?O(FIO�>X B�KdP*D�O1R8Y+R8j�BIP c(K�P*D?PfC*RSjkF
ẋ = f(x, u1(x, t), . . . , um(x, t), t),

T�F�� c(KdH�D?J�K
f
R0P�H�BIK$C*D?K$c<FmR8K�P*cdP�F�Y*lIc(j�R8K$C*B$P��[T�F�P�� cdKdH�D?B�K(R0P

ui(x, t)
PfBIKO1D�P*H8B�K$C*D?K"cdF�P RSKkc(K H�BIK&uvc(K$C*B O1RQh(c(K$C*B$P�B�P*c(h!R8Y �<H�D?RSP

Si

�
i = 1, . . . ,m

>
� B$PQH�BIK&uvc(K$C*B$P Si

PfRLO1R��dK(RSKgKdB�Y+j�F�TUj�RSKIC+RLH�B�j�B
Si = {x|si(x) = 0}.

=S�



@�B1O1BIPmZ RSP*TUD?VSF�K$C*RSP X BIK"E�R8K<H�D?B�KdF�TUR0P
q�K K"c(RSPfC*Y+B RfuvR8j�h(T?B

S1 = {x|s1(x) = x = 0} = {0} � u1(x, t) =
3 sign(x)

> 
 KdF�EIR8V F]T�H8F]KdVSF�OdF�PkT�F�PgPfcdh<RSY �<H8DUR0P O(R O1D�P*H8B�K$C*D?K"c(D�O(F�O
RSTP*D?PfC*RSj�F h<RSY*jkF�K(RSH8RNF�� � �"h!B�YmT?B�
$c(RMPfRMP*cdPvC+D C+c
��RSK T�F�P
ui(x, t)

h<BIY�� c(K �H�D?B�KdRSP�H8B�K$C*D?K"cdF�P
uieq


$c(RNP*F]C*D�P��.F�lIF]K
ṡi = 0

> � F]Y\FMR8T<RvuvRSj�hdTUBLC+R8K(RSj�BIP
ṡ = ẋ = 2− u1eq = 0,h!B�YQT?B 
$c(R

u1eq = 2
� P*RLE�RSY*D �<H8F

ẋ = 0
>

��� Q9: 4	Q98�. ,-1 , 4E.�1��(*
X B�KdP*D�O1R8Y+R8j�BIP c(K�P*D?PfC*RSjkF��"RSPfC+F�b(DUT?D?VSF]bdTUR��kO1R0P*H8Y*DUC*B�h!B�Y

ẋ = f(x, t) +B(x, t)u+ φ, x, f ∈ R
n ��`1> o	�

B(x, t) ∈ R
n×m, rank(B(x, t)) = m ∀ x, t.X cdF�KdO1BkT�Fkh<RSYfC+c(Y+bdF�H8DUJIK

φ
RSK$C*Y\F�h<BIY[R8T�j�D?P*j�B H8F�KdF]T 
IcdR

u
�<RSP O1RSH8DUY

φ = B(x, t)δ
�dT�F h!R8Y*C*cdY*bdFIH�D?J�KgP*F]C*D�P��.FIH�RMT?F�T?T?F�jkF�O(F >@L � � 
 > 
�� � �
F A
>@L �

� � A � 
 F � C5L >�� B�YMR8T j�B�j�R8K$C+B ��PfJITUB C*Y\F&C\F]Y+R8j�BIP H�BIK h!R8Y*C*c(Y+bdFIH�D?B�K(R0P O1RRSPfC+F�KdF]C*c(Y\F]T?R8V0F(>q�T O1D?P*R8�dB O1R H8B�K$C*Y+B�T�F�O(B�Y+RSPmbdFIP*FIO1BIPQRSK�j�B"O(BIP[O(RSP*TUD?VSF�KIC+RSP H�B�K<PvC\FK(BIY*jkF]T?j�R8K$C*RLO1R�O(BIPQhdFIPfB$P8>1qrT9h(Y+DUj�R8Y+B�RSP O(R�C*RSY*j�D?KdF]YQcdKdFkPfcdh<RSY �<H8DURO1RLO1D�P*H8B�K$C*D?K"c(D�O(F�O
s(x) = 0, sT (x) =

[
s1(x) . . . sm(x)

] ��`1>ap��
C+F�T 
IcdR�T�F�P[C*Y\F ��R0HsC+B�Y+D?FIP[F TUBgT?F�Y*lIB O1R�R8T?T�F P*RSF�KwRSPfC+F�b(T?RSPS>!qrT�PfRSl�c(KdO(BhdFIPfB�RSP O(D?P*R8�dF�Ymc(KdFkF�HSH�D?J�KgO1R�H�BIKIC+Y*BIT�O1D?P+H�BIK$C*D?K$c<F

ui(x) =

{
u+

i (x, t)
P*D

si(x) > 0
u−i (x, t)

P*D
si(x) < 0

, i = 1, . . . ,m


$c(R�lIF]Y\F]K$C+D?H8R�
$c(R RST RSPfC+F�O(BgO1RST PfD�PvC+R8jkFgF]T�H8F]K<H�R T�F P*c(h!R8Y �<H�D?R ��h<RSY �jkF]K(RSVSHSF RSKgRSTUT�F�O1R�F � ��R8K�F�O1RST?F�K$C*R�>q�T h(Y+B1H�R0O1DUj�D?R8K$C*BAO1R�O1D�P*R8�(BAP*R P*D?j�hdTUD �<H8F
P*D PfRShdF]Y\F]j�B$P RST[PfD�PfC*R �jkF RSK O(BIPMH�BIj�h!B�KdR8K$C*R0P��7c(KdF FIH�B�hdT?FIO(F F T?FgP*R8�dF�T O(R�H8B�K$C*Y+B�T ��B�C*Y\Fh!R8Y+h<RSKdO1D�H�c(T�F]Y F�R8T?T�F �.E�RSY��dl�c(Y\F�`1> o	�s>~"R O1D�H�R 
$c(RQc(KkP*D?PfC*RSjkFLF�P �(O1RSP+H�Y+D C+BMRSPfC+�NR8K / LDH � A H F � ��� ADH �]R0P O1RSH8DUY
ẋ1 = f1(x1, x2, t)

� `1> ��F	�
ẋ2 = f2(x1, x2, t) +B2(x1, x2, t)(u+ δ),

��`(> ��b �
=I=
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�DUlIc(Y+Fk`(> o �(Z[R0P*H8B�j�h<B$PfD�H�D?J�KgO1R8T�PfD�PvC+R8jkF(>

O1BIKdO1R
x1 ∈ Rn−m �

x2 ∈ Rm �
B2
RSP cdKdFAjkF&C+Y*D?V K(B�� P*DUKdl�c(T�F]Y O1RO1D?j�R8KdP*DUJIK

m ×m ><qrT�P*D?PfC*RSjkF ��`(> �IF �mK(BgO1R8h!R8K<O1R O1RST�H8B�K$C*Y+B�T �(h!B�Y TUB

$c(RMPfRNcdP+F

x2
H8B�j�B H8B�K$C*Y+B�T!E"DUY*C*cdF�T � P*RMO1D?P*R8�<F�R8K � c(KdH8DUJIKgO1RST7RSPfC+F�O(B

x1

x2 = −s0(x1).qrP DUj�h!B�Y*C+F�KIC+R j�R8KdH8DUBIKdF]Y 
IcdR R8TNh(Y+B�b(T?R8jkFAO1R O1D?P*R8�dB�RSP O1RwBIY+O1RSKY+RSO1cdH8D?O(B � c(KdF EIR8K$C+F]ufF H�T�F]Y\F � ���IF 
$c(R R8TiPfD�PvC+R8jkF ��`(> �IF �NR0P�O1R BIY+O1RSK
n −m >;M[C*Y\F � BIY*jkF O(R R��"hdTUD�H8F�Y[T�F Y+RSO1cdHSH�D?J�KwO(R B�Y\O1RSK �<R0P 
$c(R�H�c<F]K �O1B RST�R0PvC\F�O1B O(R8T�P*D�PvC+R8jkF F]T�H8F�K(VSF�T�F P*c(h!R8Y �<H�D?R O1R�O1D?P+H�BIK$C*D?K$cdD?O(FIO��dT�F�PC*Y\F ��R0HsC+B�Y+D?FIP 
$c(R0O(F]KkH8B�K �dK<F�O(FIP F�O1D�H��dFLPfcdh<RSY �<H8DUR ��T�FLH�cdF�T<O1R FIH�c(RSY+O(BH�BIK ��`(> p � R0PiO1RNO1D?j�RSKdP*DUJIK

n−m > � F�P*c(h!R8Y �<H�D?R 
$c(R0O(F�RSKIC+B�KdH8RSP H�BIj�B
s(x1, x2) = x2 + s0(x1) = 0.

� F]Y\FLlIF�Y+F�KIC+DUV0F]Y�T�F�F]C*Y\F�HsC+DUE"D�O(F�OkO(R T�F�P*c(h<RSY �!H�D?R P*R[h(Y+B�h!B�K(R[R8T7cdP*BO1RST >@L � CEH L � �9LDH ��� 
 �
A�� >�qiPvC\FMC*�0H�K(D�H8FMl$F]Y\F]K$C*D?VSF T?FMR��1D?PfC*RSKdH�D�FLO1R8Tdj�B1O1BO1R0PfT?DUV0F]K$C*R�P*D?KLT?FmK(R0H�R0PfD�O(F�OMO1RiPfRSTUR0H8H�D?B�K<F]Y9H8FIO(FQH�BIj�h<BIK(R8K$C*R D?KdO1D?E"D?O(cdF]TO1RST�H�BIKIC+Y*BIT�>"q�T�H�B�K$C+Y*BIT!hdY*BIh(c(RSPfC*B�C+DURSK(RLT?F�� BIY*jkF

u = −ρ(x, t) (GB)T s(x)

‖(GB)T s(x)‖ , GT = ∇s(x)

O1BIKdO1R
(GB)

P*R FIPfc(j�R�KdB � PfD?K(l�cdT?F�YS>9=[J]C+RSP*R�
$c(R�R8KwRSPfC*R HSF�P*B PfR�C*D?R8K(RT�F T?DUb!R8Y*C+FIOwO1R�R8T?R8lIDUYNR8T H�BIK$C*Y+B�T�E"D?YfC+cdF]T
s0(x1)

� 
$c(R�F h<F]Y*C*D?YNO1R��SPfC*R

$c(RSOdF�O(R �dK(D�O(F

s
� � h!B�Y H�BIKdP*DUlIc(DURSK$C*R

GT >
� F�O1RSY*D?E&F�O(F�O1R s H8B�KgY*R0Pfh!RSH�C*BkF]T7C+DURSj�h<BkR0P

ṡ = G(f + φ) +GBu.
��`(>a���

=0`



@�B1O1BIPmZ RSP*TUD?VSF�K$C*RSP X BIK"E�R8K<H�D?B�KdF�TUR0P
� cdP+H8F]j�B$P�
$c(RMT�FkO1R8Y+D?EGFIO(F�O1RLT?F�� c(K<H�D?J�K�H8F�KdO1D�O(F&C\F�O(R � �IF�h(c(K(B&E

V =
1

2
sT s

��`1> , �
P*RSF�K(RSlIF]C*D?EGFwF T?B T?F�Y*lIB O1R T�F�P C*Y\F ��R0HsC+B�Y+D?FIPNO(R8TQPfD�PfC*R8jkFd> X B�j b(D?KdF]K �O1B���`(> ,	� ����`(>a���rC*R8KdR8j�BIP

V̇ = sTG(f + φ) − ρ(x, t)s
T (GB)(GB)T s

‖(GB)T s‖
= sTG(f + φ) − ρ(x, t)‖(GB)T s‖
= sT (GB)(GB)−1G(f + φ) − ρ(x, t)‖(GB)T s‖
≤ ‖(GB)T s‖

[
‖(GB)−1G(f + φ)‖ − ρ(x, t)

]
,

h!B�YQT?B 
$c(R�P*D�T�F l$F]KdF�KdH�D�F
ρ(x, t)

P+F&C+D?P �.F�H8R
ρ(x, t)− ‖(GB)−1G(f + φ)‖ ≥ ρ0 > 0,

R8K$C+B�KdH8RSP RST P*D?PfC*RSjkF F]T�H8F�K(VSF
T�F�P*c(h!R8Y �<H�D?R
s(x) = 0

� �
O1RwF�H8c(R8Y\O1BH�BIK �a`I����TUB �dFIH�RMR8KgC+DURSj�h!B �dK(DUC*B �s>
� K$C*R0PMO1R h(Y+BIP*R8lIc(D?Y �dH8B�K"E"DURSK(R H8B�j�R8K$C\F]Y[P*B�b(Y+R�RST � RSK(J�j�RSK(B O1RSK(B �j�DUK<F�O1B > ?9ADCEC5F H 
 � � B > A � C5A�J F C5F@L > � O(RSF]T?j�R8K$C*R � R8T H8B�K$C*Y+B�TmH�BIK(j c1C\F F� Y+RSH�cdR8KdH8D?F�D?K �dK(DUC+Fd>(q�K T?F�Y+RSF�TUD�O(F�O �1R8T9H�BIK$C*Y+B�T�K(B�RSPQHSF]hdF�VLO1R�H�BIK(j c �C+F�Y�F � Y+RSH�cdR8KdH8D?F DUK �dK(DUC+F �&R�� �(DUb!R j��IP�b(DURSK �]H�BIj�h<BIK(R8K$C*R0P�O(R � Y+RSH8c(R8K<H�D�Fj c#�wF]TUC+Fd>9q�KAPfD�PfC*R8jkFIPMj�R0H8��K(D?H8BIPNRSPfC*B�Y+RSP*c(TUC+FgR8K BIP+H�D?T�F�H�D?B�KdRSPNDUK<O1R �P*RSF]bdTUR0P 
IcdRND?KdH8TUcdP*Bkh(cdO(DURSY+F�KgO(F��dF]YQT?BIPmR 
$c(DUh!BIPS>1q�K�T�F�PfR0H8H�D?J�K�`1> _�PfRC*Y\F&C\F R0PvC+RMC*RSj�F�H8B�K c(K h<B1H8B�jk�IPQO1R�O1R�C\F]T?TURI>

� �./S6S� (�%(/��r�.���"%('.�"/
q�K lIR8K(RSY+F�T �(h<F]Y\FkPfD�PvC+R8jkF�P K(B � TUD?K(R0F]T?RSPQK(B RSPQC\F]Y+RSF��.�IH�D?T�R8K<H�B�K$C+Y+F�Yc(KdFkC*Y\F]KdP � B�Y+jkF�H�D?J�K O1R�H�B"B�Y\O1R8K<F�O(FIP 
IcdR h!R8Y+j�DUC+F RSP+H�Y+DUb(D?Y[F�T�P*D?PfC*RSjkFR8K � BIY*jkF Y*RSl�c(T�F]Y0> q�K��a`I� � P*R�j cdRSPfC*Y\F cdKdF�� B�Y+j�F
H8R8Y+Y+FIO(Fwh<F]Y\F O(D �H��dF C*Y\F]KdP � B�Y+jkF�H8DUJIKwH�cdF�KdO1B

m = 1
>�~"D?K RSj bdF�Y*lIB �!hdF]Y\F T?BIPLP*D�PvC+R8jkF�PT?DUK(R0F]T?RSP

ẋ = Ax+B(u+ δ), rank(B) = mO1D�H��dF�C*Y\F]K<P�� BIY*jkF�H8DUJIK hdc(RSO1R�O1R�C+R8Y+j�DUKdF�Y+P*R �.��H8DUT?j�R8K$C*R hdF]Y\FkH�cdF�T�
$c(D?R8Y
m
> 
 KdF�h!BIP*DUbdDUT?D?OdF�O RSP

[
v1
v2

]

= Tx, T =

[
(B⊥)+

B+

]

.
��`1> � �
=0_



����� � � � ��� ��� �$��� � ��� ���
q�K R8T�K$cdR8E�B�P*D?PfC*RSj�F�O1R�H8B"B�Y\O1R8KdFIO(F�P

[
v̇1
v̇2

]

= TAT−1

[
v1
v2

]

+

[
(B⊥)+

B+

]

B(u+ δ),

RSPQO(RSH�D?Y
[
v̇1
v̇2

]

=

[
A11 A12

A21 A22

][
v1
v2

]

+

[
0
I

]

(u+ δ).

� F]Y\F RSPfC+F�b(D?TUD?VSF�Y�F�T"P*D�PvC+R8jkF O(RiBIY+O1RSK Y+RSO1c<H�D�O1B
v̇1 = A11v1+A12v2

�H�BIK
v2 = −Fv1

H�BIj�BkH8B�K$C*Y+B�T7E"DUY*C*c<F]T �1h(c(RSO(RNc(C*D?TUD?VSF�Y+P*RLH�cdF�T�
$c(D?R8Y C*�0H �K(D�H8F O1R H8B�K$C*Y+B�T<TUD?K(RSF�T ��F�P*DUlIKdF�H8DUJIKkO1R h!B�T?BIP �IH8B�K$C*Y+B�T<J�h1C+DUj�B �IR8C+H ��> =[F �C*cdY+F�TUj�R8K$C+R�P*RkY+R 
$c(D?R8Y+R T�F�H�BIKIC+Y*BIT?F�b(D?TUD�O(F�O � B�F]Trj�RSK(BIPMT�FgRSPfC+F�b(DUT?D?VSF �b(D?TUD�O(FIO �LO1RSTrPfcdbdPfD�PfC*R8jkFd> X F]b!R j�R8KdH8DUBIKdF]Y�
$c(RkT�F�H�BIK$C*Y+B�T�F]b(D?TUD�O(FIO O1R
{A,B} DUj�h(T?D?HSF T�FwO1R {A11, A12}

> � F Pfcdh<RSY �<H8DURgO1RSP*T?DUV0F]K$C*R 
$c(R0O(F]Y ��FR8K$C+B�KdH8RSPQH�BIj�B
s(x) =

[
F I

]
Tx = 0.= J�C*RSP*R 
$c(R T�F Pfcdh<B$PfD�H�D?J�K��

GB
K(B � P*DUK(lIc(T�F]Y��!P*R�E�R8Y+D �<H8F F]c1C+B�jk�&C+D �H8F�j�R8K$C*R � �IF 
$c(R

GB =
[
F I

]
T

︸ ︷︷ ︸

G

B =
[
F I

]
[
0
I

]

= I.

q�TdHSF]j b(DUBMO1RQH�B"BIY+O1RSKdF�OdF�P
T
�]PfD?j�h(T?D �<HSF C+F]j b(D?�8K�R8T(O1D�PfRS�(BLO1R8T(H8B�K$C*Y+B�TO1D�P*H8B�K$C*D?K"c(B

u = −(α|v|+ α0)
s

‖s‖ .

� F�O1RSY*D?E&F�O(F�O1R V H�BIK Y+RSP*h!RSHsC+BkF]T7C*D?R8j�h!BkY*R0PfcdT C\F RSK
V̇ = sT ((FA11+A21)v1+(FA12+A22)v2+δ)−(α|v|+α0)‖s‖

� `1>?=S� �
~"JITUBLY+RSPfC+FNR8T?R8lIDUY

α
�
α0
P*c �<H8DURSKIC+R8j�R8K$C+R l�Y\F]KdO(RSP � h!R8Y+B �dK(DUC+FIP � �IO1RmC\F]TP*c(R8Y*C*R 
$c(R

V̇
PfR0F�K(R8l$F&C*D?E&F O(R �dK(D�O(Fd>

�D:���8 N 4E8;:-6B8
� KdF�TUD�H�RSj�BIP�T�F�P�C*Y\F ��R0HsC*BIY*D�F�P O1RST<P*D?PfC*RSjkF�FLT?B�T?F�Y*lIBLO1R T�F�Pfcdh<RSY �<H8DURO1RNH�B�Kdj c1C\F�H�D?J�K�>I~"c(h!B�K(l$F]j�BIPiO1R F��(B�Y\FNR8K FIO1R8T�F]K$C+R 
$c(R[T�FLh!R8Y*C*c(Y+bdF �H�D?J�K O1RST�PfD�PfC*R8jkF�K(BkP+F&C+D?P �.F�H8RNT�FkH�BIKdO1D�H�D?J�K O1R�F�H8B�h(T�F]j�D?R8K$C*B �"RSPQO1R0H�D?Y �R �1D�PvC+RMc(KdFkH�BIj�h<BIK(R8K$C*R

B⊥η
RSK T�F�h<RSYfC+c(Y+bdF�H8DUJIK

φ
[
v̇1
v̇2

]

=

[
A11 A12

A21 A22

] [
v1
v2

]

+

[
η

(u+ δ)

]

.
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 P+F]KdO(B�R8T<j��8C*B1O1B�O1RST!H8B�K$C*Y+B�T1R 
$c(DUE&F�TURSKIC+R B�b(C*R8KdR8j�BIP T�F�P�RSH�c<F�H�D?B �K(R0PQO1RLj�B&E$D?j�DURSK$C*B�c(KdF�E�RSVMY*R0F]T?DUV0F�O1B R8T9j�B1O1BkO1RSP*T?DUV0F]K$C*RI>
s = Fv1 + v2

ṡ = F (A11v1 +A12v2 + η) +A21v1 +A22v2 + u+ δ

⇒
ueq = −F (A11v1 +A12v2 + η)−A21v1 −A22v2 − δ.

� `1>?=0`��
~"cdPfC*DUC*c#��R8K<O1B

ueq
h!B�Y

u
RSK ��`1>?=�= � PfRMB�b(C*D?R8K(R

[
v̇1
v̇2

]

=

[
A11 A12

−FA11 −FA12

][
v1
v2

]

+

[
η
−Fη

]

.
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Z RQT?FMR0H�cdFIH�D?J�K ��`1>?=S_	��h<B1O1RSj�B$P E�RSY*D �<H8F�Y O1BIP�H8BIP+F�PS> � FMh(Y+DUj�RSY+F RSP 
$c(RT�F�P�R0H�cdFIH�D?B�K(R0PrO1R j�B&E$D?j�DURSK$C*B P*B�K D?KdO1RSh<RSKdO1D?R8K$C*R0PiO(R[T�F�h!R8Y*C*c(Y+bdF�H8DUJIKF�H8B�h(T�F�OdF
δ
� R0PvC+B R0P��rR8T P*D?PfC*RSj�F
H8B�K$C*Y+B�T�F�O1B RSPkY+B�bdcdPvC+B RSK
H�cdF�KIC+B Fh!R8Y*C*c(Y+bdF�H8DUBIK(RSP O1R�RSPfC*R C*D?h<B<>�� T�F P*R8lIc(KdO(F �<R0P 
$c(R�R8T P*D?PfC*RSjkF R � R0HsC+D �E&F]j�R8K$C+RNR0PmO1RMB�Y\O1R8KgY*R0O1cdH8D?O1B � �IF�
IcdRNT�F�P R0H�cdFIH�D?B�K(R0P O(RNj�B&E"D?j�D?R8K$C+BO1R

v2
O1RSh<RSKdO1RSKgT?D?K(RSF�TUj�R8K$C+R �"E �?F

F
� O1RMT?FIPQO1R

v1
>q�TLF]Kd��TUD�P*D?PkY+RSF�TUD?VSFIO1BAh!B"O(Y ��FAY+R8h!R�C*D?Y\PfR �.��H�D?T?j�RSK$C*R hdF�Y+F PfD�PvC+R8jkF�PK(B�� T?DUKdRSF]T?RSP �1H�BIK T?B 
IcdR�PfRMB�b(C*R8K<O1Y ��F]KgT�F�Pmj�D?P*jkF�PQH8B�KdH8TUcdP*D?B�K(R0P8>

T ��� � ��� �
� ��� � � 	 ����#�'-� �
��� '-� ��� VB# 	 �
� � ����� �

q �1D?PfC*RSKgO(BIPih(Y*BIb(T?R8jkF�Pih(Y+DUKdH8DUh<F]T?RSPmH�BIK TUB$PmH�B�K$C+Y*BIT?FIO1B�Y+RSP h!B�Ymj�B �O1B$P�O1R0PfT?DUV0F]K$C*R0P8> 
 KdB O1R R8T?TUB$P9R0P 
$c(RiT?F[DUKdP*R8K<PfD?b(D?TUD�O(F�O F h!R8Y*C*c(Y+bdF�H8DUBIK(RSPF�H8B�h(T�F�OdF�PmPfJITUBkP*RLlIF�Y+F�KIC+DUV0F cdKdFkE�RSV 
IcdR�R8T�P*D�PvC+R8jkF �dF�R8K$C+Y+FIO1B�R8K T?FP*c(h<RSY �!H�D?R�O1RSP*TUD?VSF�K$C*R�>8q�TIB�C*Y+BmRSP9RST � R8KdJ�j�R8K(B O1RrH��dF]CfC*RSY*D?K(l � 
IcdR�Y*R0PfcdT C\FO1RSb(D?O(B�F 
$c(RLRST9H�B�K$C+Y*BIT9O1D?P+H�BIK$C*D?K$cdB R��1H8D C\F�O1DUK<�]j�D?HSF�PmK(B�j�B1O1R8T�F�OdF�PS>q�KwRST�H8B�K$C*Y+B�T�h<BIY j�B1O1B$P[O1R0PfT?DUV0F]K$C*R0P D?K$C*R8lIY+F�TUR0P[P*R P+F�H8Y*D �<H8F�T�F Y+R �O1cdHSH�D?J�K�R8KkRST(B�Y\O1R8K�O1RQT�F�P R0H�cdFIH�D?B�K(R0P h<BIY T?FMY+B�b(c<PvC+R8VQO1RSP+O1RQRST(h(Y+DUj�R8YD?KdPvC\F]K$C*RI>(Z[R�FIH�c(RSY+O(B�H8B�K�� ` ,'� �
{g��� ���.����;<� 3
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 ��� L LDH1�
F � � � F � A �
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 � C5F � A LDH 
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 � A ���
��� Q9: 4	Q98�. ,-1 , 4E.�1��(*

� F]Y\F�H8B�K$C*Y+B�T�F]YQF�T9PfD�PvC+R8jkF���`(> o � PfRLh(Y+B�h!B�KdRNcdKdF�TUR � O1R�H8B�K$C*Y+B�T9O1RT�F�� BIY*jkF
u(x, t) = u0(x, t) + u1(x, t),

=Gp
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u1 ∈ Rm R0P c(KdFLFIH8H�D?J�K�O1D�P*H8B�K$C*D?K"cdFMO1D?P*R8�<F�O(FNhdF�Y+FNF&C+Y+F�R8Y F]T(R0P��C+FIO1B �dFIH�D�FmT?F[Pfc(h!R8Y �<H8DURrO(RiH�BIK(j c(C+F�H8DUJIK �MFIP ��Y*R0H��dF]V0F]Y�h!R8Y*C*c(Y+bdF�H8DUBIK(RSPRkD?KdH�RSYfC+D?O1cdj b(Y+RSPLFIH�B�hdT?FIO(F�PS>
u0 ∈ R

m RSPLY+RSP*h!B�KdP+F]b(T?R�O1RkRSPfC+F�b(DUT?D?VSF]YF]T9P*D�PvC+R8jkF�K(B�j�D?KdF]T >
� F�P*c(h<RSY �!H�D?R�O1RSP*TUD?VSF�K$C*RLPfRLP*R8T?RSHSH�D?B�KdF�H�BIj�B

s(x, t) = Gx(t) −Gx(t0)−

−
∫ t

t0

G[f(x, τ) +B(x, τ)u0(x, τ)]dτ

= 0

O1BIKdO1R
G ∈ Rm×n �gcdKdFkE�RSVLjk��P �

GB
P*R F�P*c(j�RLK(B�� P*DUKdl�c(T�F]Y0>(q�T�C*�SY �j�DUKdBkDUK$C*RSl�Y\F]T�RSK�T?F�hdF�YfC+R�O1R8Y+RSH��<F Y+RSP*c(TUC+F�R8K�cdKdF�RSH8cdF�H8DUJIK O(DUKd��j�D?HSFO1R T�FLj�D�PfjkF�O1D?j�R8KdP*D?J�K 
$c(R T�F�O1RSTdRSPfC+FIO1Bd> 
 KdF h<B$PfD?b(T?R DUK$C+R8Y+h(Y*R8C+FIH�D?J�KO1R

s
�]RSP H8B�j�BNc(K��.F�HsC+B�Y 
$c(Rmh<RSKdF]T?D?VSFNT?FMO1D � R8Y+R8K<H�D�F RSK$C*Y+R T�F C*Y\F ��R0HsC*BIY*D�FO1R0PfR0F�O(F ∫ t

t0
[f(x, τ)+B(x, τ)u0(x, τ)dτ +x(t0)

� ��T?F Y*R0F]T �]h(Y+B ��RSH�C+FIO(FF T?BNT?F�Y*lIB[O1R
G
> � O1D � R8Y+R8KdH8D?F O1R TUB$P�j�B1O1BIP O1R0PfT?D?VSF]K$C+RSP�H8B�K"E�RSKdH�D?B�K<F]T?RSP �

G
PfRQH�BIKdP*D?O1RSY+F[c(K�hdF]Y\�]j�R8C*Y+B O1R O1D�P*R8�(BLFNhdF]Y*C*D?Y O1R8T<H�cdF�T � R8K�H�BIK&uvc(K$C*BH�BIK
u0
��
$c(R0O(F�O1R�C+R8Y+j�DUKdFIO(F�T?F�P*c(h!R8Y �<H�D?R

s
>

q�T�H�BIK$C*Y+B�T O1D?P+H�BIK$C*D?K$cdB h(c(R0O1RkO1D?P*R8�<F]Y\PfR�c(C*D?TUD?VSF�KdO1BgT?F j�D?P*jkFkC*�0H �K(D�H8F�O1RST�H�BIKIC+Y*BIT7h<BIYQc(K(D�O(F�O

u1(x, t) = −ρ(x) (GB)T s(x, t)

‖(GB)T s(x, t)‖ .

qrPfC+F�T?R � O1RLH8B�K$C*Y+B�T7lIF�Y+F�K$C*D?VSF�T�F�F&C+Y+FIHsC*D?E"D?OdF�O O(RNT�F�Pfcdh<RSY �<H8DURI>(Z[R
�(R0H��(B � PfDmT�F�P�H�BIKdO1D�H�D?B�K(R0P D?K(D�H�D�F]T?RSP�P*RgH8B�K(B1H�RSK H�BIK h(Y+RSH8D?P*D?J�K �

s = 0RSPfC+� lIF�Y+F�KIC+DUV0F�O1B�O(RSP+O1R[RST!D?KdPfC+F�KIC+R[D?K(D�H�D�F]T
t0
�"T?B H�c<F]T7F P*c E�RSV FIPfRSl�c(Y\FT�F hdY*BIh(DUR0O(F�OgO1RMY+B�b(cdPfC*RSVMhdF]Y\F�C+B1O1B

t ≥ t0
>


 KdF�h!BIP*D?b(TURLP*R8T?RSHSH�D?J�K O1R ρ(x) RSP

ρ(x) > ρ0 ≥ ‖(GB)−1Gφ‖ � `1>?=8o	�


 C+DUT?DUV0F]KdO(B V (s) = ‖s‖2/2 H8B�j�B � cdKdH�D?J�K�O1R � �IF�h(c(K(B&EMEIR8Y+D �<HSF]j�BIPT�F R0PvC\F]b(D?T?D?O(FIO O(R
s

V̇ = sT ṡ,
� `1>?=0p �

=S�
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T�F�O(R8Y+DUE&F�OdF�O(R

s
H�BIK Y+RSP*h<R0HsC+B�F�T7C*D?R8j�h!BkRSP

ṡ = Gẋ(t)−G[f(x, t) +B(x, t)u0(x, t)]

= G[f(x, t) +B(x, t)u0 −B(x, t)ρ(x)
(GB)T s

‖(GB)T s‖
+ φ− f(x, t)−B(x, t)u0]

= −ρGB (GB)T s

‖(GB)T s‖ +Gφ.
� `1>?=S� �

X B�j b(D?KdF]KdO(B � `1>?=0p�� � � `1>?=S�	� �(P*RMC*D?R8K(R
V̇ = −ρ‖(GB)T s‖+ sTGφ

≤ −‖(GB)T s‖
[
ρ− ‖(GB)−1Gφ‖

]

< 0

q�K$C*Y+R T�F�P E�RSKIC\F&ufFIP�O1R8TQH8B�K$C*Y+B�T�h!B�Y�j�B1O1BIP�O1RSP*T?DUV0F]K$C*R0P�D?KIC+R8lIY+F�TUR0PR8K<H�B�K$C+Y+F�j�B$P 
$c(R��
KdB�R0P K(R0H�R0P*F�Y*D?B�RSP+H�Y+D?b(DUY R8TLP*D?PfC*RSj�F R8K � B�Y+j�F�Y*RSl�c(T�F]Y �rh!B�YgTUB

$c(R[T?FMj�R�C+B1O1B�T?B�l �?FNh(c(R0O1R R��$C+R8KdO(R8Y\PfR��.�IH�D?TUj�R8K$C+R[FLPfD�PfC*R8jkFIP K(B �T?D?K(RSF�TUR0P�

T�FQl$F]KdF�KdH�D�FQO1R8T$H�BIKIC+Y*BIT�O1D�P*H8B�K$C*D?K"c(B P*J�T?B O1R8b!RiH8B�j�h<RSKdP+F]Y9RST�R � R0H �C+BgO(R T�F h!R8Y*C*c(Y+bdFIH�D?J�K ����K(BgT?F O1DUK<�]j�D?HSF O(R8T PfD�PfC*R8jkF �!H8B�j�B RSKRST�H8FIPfB�O1RLT?BIPmj�B1O1BIPQO(RSP*TUD?VSF�KIC+RSPmH�BIK"E�R8K<H�D?B�KdF�TUR0P�

RST[H�BIK$C*Y+B�T

u1
h(c(RSO(R�h(Y*B1H8RSP+F]Y\PfRgh<BIYkj�RSO1D?B�O1R�c(K �dTUC*Y+B
hdF�P*B �b<F&ufF�PLH8c
��B�F�KdH��(B O1RkbdF]K<O(F PfRkRSKdH�c(RSK$C*Y+R�RSK$C*Y+R�RST�RSP*h!RSHsC+Y*B�O1RT�F�PNh!R8Y*C*c(Y+bdFIH�D?B�K(R0P ��RST�O1R�T?FIPMO1DUK<�]j�D?HSF�PNK(Bgj�B"O(R8T�F�O(FIPNO(R�T?BIPFIHsC+cdF�O1BIY*R0P��1H8B�KgRSPfC*BkPfRLY+RSO(cdH�RMR8T9H��<F&CfC+R8Y+DUKdl�


O(D?H��(BgH�BIKIC+Y*BIT �dTUC*Y\F�O(B RSP c(KdFkEIR8Y\PfD?J�K F�h(Y+B �"D?jkF�O(FkO(R
u1eq

� 
$c(RY+RSP*c(TUC+F�P*R8Yic(KdF PfRS�dF]T 
IcdR[H�BIY*Y+RSP*h<BIKdO1R F T?FLh!R8Y*C*cdY*bdFIH�D?J�K �IRSPiO1R �H8DUY �]C+R8K(RSj�BIP c(K RSPfC*D?j�FIO1B�Y�O(R h<RSYfC+c(Y+bdF�H8DUBIK(RSP R[DUKdH8R8Y*C*D�O1c(j b(Y*R0P8>
�D:���8 N 4E8;:-6B8

� K$C*R0PrO1R F�h(T?D?HSF]Y R8T<j���C*B1O1B�O(R8T<H8B�K$C*Y+B�T1R 
$c(DUE&F�TURSKIC+R O1RSP+H�BIj�h<BIK(lIF �j�BIPmT�F�h<RSYfC+c(Y*b<F�H�D?J�K
φ
RSKgP*cdPQh<F]Y*C*RSPmFIH�B�hdT?FIO(F �gO1RSP+F�H8B�h(T�F�OdF

φ = Bδ +B⊥η, δ = B+φ, η = (B⊥)+φ.

=&�
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� F�O1RSY*D?E&F�O(F�O1R s RSP
ṡ(x, t) = Gẋ(t)−G[f(x, t) +B(x, t)u0(x, t)]

= G[B(x, t)u1 +B(x, t)δ +B⊥(x, t)η] = 0.

e R0PfBITUE"D?R8KdO1B�hdF�Y+F�R8T9H8B�K$C*Y+B�T7R 
IcdDUE&F]T?R8K$C+R�PfRMB�b(C*D?R8K(R
u1eq = −δ − (GB)−1GB⊥η.

� `1>?=G���
~"D P*cdPvC+D C+c(D?j�B$P�R8TQH�BIKIC+Y*BITrR 
IcdDUE&F]T?R8K$C+R BIb1C*RSK(R8j�BIP T�FwR0H�cdFIH�D?J�K O1Rj�B&E"DUj�D?R8K$C*B
ẋ = f(x, t) +B(x, t)[u0 + u1eq] +B(x, t)δ +B⊥(x, t)η

= f +B[u0 − δ − (GB)−1GB⊥η + δ] +B⊥η

= f +Bu0 + [I −B(GB)−1G]B⊥η,

O1R�O1B�K<O1R h!B1O1R8j�B$P EIR8Y 
$c(R T�F h<RSYfC+c(Y*b<F�H�D?J�K F�H�BIh(T�F�O(F �dF P*D?O(B RSTUD?j�D �KdFIO(F�P*F]C*D�P��.FIHsC*BIY*D�F]j�RSKIC+R�>
��h<R0P*F�Y O1R��dF]b!R8Y R8T?D?j�D?KdFIO1BMT?F DUK<H�R8Y*C*D�O1c(j b(Y+RmFIH�BIh(T?FIO(F �0D?KIC+Y*B1O1c]uvD �j�BIP�c(KdFNl$F]KdF�KdH�D�F[h<F]Y\F[T�F O(RSP+F�H�BIh(T�F�O(Fd> � �IPfD�H8F�j�RSK$C*R��SC*Y\F]K<P�� BIY*jkF]j�B$PT�F h!R8Y*C*cdY*bdFIH�D?J�K

φ = Bδ +B⊥ηR8K
ΓB⊥η, Γ , [I −B(GB)−1G].q�K�TUB$P�C*R��$C+BIP P*B�b(Y+R j�B1O1B$P O1RSP*TUD?VSF�K$C*RSP�K(BIY*jkF�TUj�R8K$C+RmP*RmF�P*c(j�R�
$c(RT�F�P�h<RSYfC+c(Y+bdF�H8DUBIK(RSP�RQD?KdH�RSYfC+D?O1cdj b(Y+RSP P*B�K�O1R C*D?h<B�FIH�B�hdT?FIO1B �

G
P*RmH8B�K �P*D?O1RSY+FMcdK hdF]Y\�]j�R8C*Y+BNT?D?b(Y*R �$P*J�T?B�P*R h(D�O1R ∃ (GB)−1 >$q�K R0PvC+RQC*Y\F]bdF]uvB�PfRO1R8C*R8Y+j�DUK<F RST9hdF�Y+��j�R8C*Y+B

G
R8K � c(K<H�D?J�K O1RLT�F�h<RSYfC+c(Y*b<F�H�D?J�K O1R0P*FIH�B�hdT?F �O(Fd>1q�T9Y+RSP*c(T C\F�O1BkP*RMh(Y*R0PfRSK$C+F R8K T?F�� BIY*jkF�O1R�O1B$Pmh(Y*BIh<B$PfD�H�D?B�KdRSPS>

� #&- � -</0�.�I�.;!� 3�� A�H A > � A � � ��
 FIH B ∈ Rn×m � � F � ADC 
 �
/ A � A rank(B) =
m ��� > � A � � ��
 F H 
DF > CGLDH β ∈ Rn � � A � LDH � A

‖
[
I −B(GB)−1G

]
β‖

A � > A � 	 A � � ��� ��
 � L > � A � �
L G = BT �

� #G:�� !�%	� X B�K<PfD�O1�8Y+RSP*R h(Y+D?j�RSY*B R8T!h(Y*BIb(T?R8jkF�O1R R8KdH8B�K$C*Y\F]Y�RST<EIRSH�C*B�Y
ξ ∈ span(B)

j��IP H�RSY+HSF]K(BAF
c(K
EIRSH�C*B�Y F�Y*bdD C+Y+F�Y*D?B
β
�rRSP O1RSH8DUY � 
$c(Rj�DUKdDUj�D�H�R ‖β − ξ‖ �.E�RSY �<l�c(Y\Fk`1>ap��s>

= ,



@�B1O1BIPQZ RSP*T?DUV0F]K$C*R0P � KIC+R8lIY+F�TUR0P

�
�

�
�

��
�

�
�

�














� β

r

�
- ξ

span(B)


�D?l�c(Y\F�`(> p�� � K$C*R8Y+h(Y+R�C\F�H�D?J�K l�RSB�j���C+Y*D�H8F�O1R8T�h(Y*BIb(T?R8jkF(>

Z[R F�H�cdR8Y\O1BkF]T�t�R8BIY*RSj�F�O1R ��Y*B �IRSHSH�D?J�K �?=S� �dh9><p(= � �
ξ
RSPQcdKgEIRSH�C*B�Y

�(K(D�H�B � j�D?K(D?j�DUV0F ‖β − ξ‖ H�cdF�KdO1B β − ξ RSPQBIYfC+B�lIB�KdF�T!F span(B)
>

� F]Y\F�Y*R0PfBITUEIR8YLRSTrh(Y+B�b(T?R8jkF F�K$C*R8Y+D?B�Y � �dF�H8R8j�BIP
ξ = Bα

> qrPfC*B l$F �Y\F]K$C*D?VSF
ξ ∈ span(B)

>$Z[R0Pfhdc(�SPrb(cdP+H8F]j�B$P R8TdEIRSH�C*B�Y
α

$c(R �dFIH�R

β−BαB�Y*C*BIl�BIKdF]T7F
span(B)

�(RSPfC*B�R0P
0 = BT (β −Bα) = BTβ − BTBα

α = (BTB)−1BTβ = B+β

� FgH�BIKdO1D�H�D?J�K rank(B) = m
lIF]Y\F]K$C+DUV0F 
$c(R T�F j�F]C*Y+DUV�O1R��NY\F]j

BTBP*RSF�DUK"EIR8Y*C*D?b(TURI> = B]C\F]KdO(B 
$c(R
∥
∥
[
I −B(BTB)−1BT

]
β
∥
∥ =

∥
∥
[
I −BB+

]
β
∥
∥

RSPmj �?K(D?j�B �dP*J�T?B Y+RSPfC+F��dFIH�R8Y
G = BT hdF�Y+F�H�BIj�hdTUR8C+F]YmT�F�h(Y+c(R8bdFd> �X F]b!R j�RSKdH�D?B�KdF�Y 
$c(RkH8B�K
G = B+ C+F]j b(D?�8K P*R�B�b1C+DURSK(R Γ = [I −

BB+]
�dh<BIYQTUB 
$c(R

G = B+ C+F�j b(D?�8Kgj�DUKdDUj�D?VSF�R8T�R�� RSH�C*B O1RMT�F�h<RSYfC+c(Y �bdFIH�D?J�K O1RSP+F�H8B�h(T�F�O(Fd>
� #&- � -</0�.�I�.;!� x �9ADH A m < n

� F > ��� � � F � A � 
�����
 F � CGF 
 � F � C 
 � A ���
‖Γ‖ = ‖I −BB+‖ = 1

� #G:�� !�%	� = J�C*R0PfRLh(Y+D?j�RSY*B 
$c(R
ΓT Γ =

[
I −B(BTB)−1BT

] [
I −B(BTB)−1BT

]

= I −B(BTB)−1BT −B(BTB)−1BT +

+B(BTB)−1BTB(BTB)−1BT

= I −B(BTB)−1BT = Γ,

=0�



����� � � � ��� ��� �$��� � ��� ���
O1RLO1BIKdO1RLPfRMO1R0O1cdH�R 
$c(R

Γ
RSPmc(K<F jkF]C*Y+DUVMPfD?j���C+Y*D�H8F �1h<BIY T?B 
$c(RNC*B1O1BIPP*cdP[E&F�TUBIY*R0P[H8F�Y+FIHsC+R8Y �?PfC*D�H�B$P PfBIK�Y*R0F]T?RSPS>7~1c(h<JIK(lIFIPfR�
IcdR

v
RSP c(KwRSDUlIR8K �E�R0HsC+B�YQF�P*B1H�D�F�O1B�F�H�cdF�T�
$c(D?R8YQRSDUlIR8K � E&F]T?B�Y

λ
O1R

Γ
�dRSPQO1R0H�D?Y �

Γv = λv

⇒
vT ΓT Γv = λ2‖v‖2. � `1>?= ,	�

� R8Y+B �(O(FIO1B 
$c(R
ΓT Γ = Γ

C*R8KdR8j�BIP 
$c(R
vT ΓT Γv = vT Γv = λ‖v‖2. � `1>?=S�	�

Z R ��`1>?= ,	� ����`1>?=S�	� �1EIR8j�BIP�
$c(RLT?BIP E&F]T?B�Y+RSPmH8F�Y+FIHsC*RSY ��PfC*D�H�BIP O1R
Γ
O1RSb<RSKP+F&C*D�P �.F�H�RSY

λ2 = λ.

� F��(TUC*D?jkF�RSH8cdF�H8DUJIK C*D?R8KdR�O1BIPQP*B�T?cdH�D?B�KdRSP �
λ = 0

�
λ = 1

>X B�j�B
rank(BB+) < n

�]RST1Y+F�K(l�BNO1R
I−BB+ K(BMh(c(R0O1R P*R8Y �(>&qrPfC*B
$c(D?R8Y+R O1R0H�D?Y 
$c(R

Γ
O1R8b!R�H�B�K$C+R8K(RSYMF�T j�RSK(BIP c(K R8D?l�RSK � E&F�TUBIY O1D � R8Y+R8K$C*RO1RMH�RSY*B �IR0PiO1R0H�D?Y �"RST!jk� �"D?j�B RSDUlIR8K � E&F]T?B�YrR0PrcdK(Bd>"q�T��(TUC*D?j�B RSK"c(KdH�D�F�O(BP*DUlIK(D �!H8F�
IcdR ‖Γ‖ = 1
>

�qrPfC*B R0P�� PfD �dF�H8R8j�BIP
G = B+ T�FAlIF�KdF]KdH8D?F Γ

�$FAK(B�Y+R8hdY*R0PfRSKIC\FK(D?K(l��dKghdY*BIb(TURSjkF(>"qrPQjk��P �1h!B�YQT�F�O(R �dK(D�H�D?J�K�O1R
B⊥ �

B+B⊥ = 0
[
I −BB+

]
B⊥η = B⊥η.

� B 
$c(R P*D?l�K(D �<H8F 
$c(R T�F h!R8Y*C*c(Y+bdF�H8DUJIK O(RSP+F�H�BIh(T�F�O(F K(B P*R F]TUC*RSY+Fd> � F�Ph(Y+B�h!BIP*D?H8DUBIK(RSP = � `
D?j�hdTUD�H8F�K 
$c(RwK(B�h<B1O1RSj�BIPgF&C*RSK"cdF]Y T?F h<RSYfC+c(Y �bdFIH�D?J�K
O1RSP+F�H8B�h(T�F�O(F h!B�YLj�RSO1D?B O1RkT�F�H�BIj�h!B�KdR8K$C*RkO1D�P*H8B�K$C*D?K"cdF
u1


��hdF�Y+F RSE$DUC+F�Y F]j�h(T?D �<H8FIH�D?J�K ��PfJITUB O1RSb<RSj�BIP�h!R8K<F]T?DUV0F]Y T�F O1D � R8Y+R8K<H�D�F R8K �C*Y+RLT�F�C*Y\F ��R0HsC*BIY*D�F�O1RSP*RSFIO(F � T�FkY+RSF]T �dF�T?B T�F]Y+l�BkO1R
B
>K= J�C*R0PfR�FIO1R8jk��P


$c(R���H�BIj�B
rank(B) = m

�
(GB)−1 = (BTB)−1 PfD?R8j�h(Y+RkR �1D�PvC+R�>�qiP��C+F�h(Y*BIh(D?RSO(FIO P*RwH8c(j�h(TUR C+F]j b(D?�8K H�c<F]KdO1B

G = B+ �rT?B H�c<F]T[hdc(RSO1RH�BIj�h(Y*BIbdF]Y\P*R �.��H8DUT?j�R8K$C*R��
B+B = I

>
T ���
� � 
 ����� 	��
X B�KdP*D�O1R8Y+R8j�BIP c(K PfD�PfC*R8jkFAj�R0H8�]KdD?H8B�H�B�K
O1B$P F�YfC+D?H8c(T?FIH�D?B�K(R0P�� C\F]TH�BIj�B R8T 
$c(R�P*R j c(RSPfC*Y\F RSKwT�F �<l�c(Y\F `(> �d>!qrT�PfD�PvC+R8jkFgPfR�H�BIj�h!B�KdR�O1RO1B$P�bdF�Y*Y\F�P ��T?FIP H8cdF]T?RSP PfR H8B�KdP*D�O1R8Y\F]K
D�O1RSF�TUR0P���h<BIY T?B 
$c(R T?BIP H8R8K$C*Y+BIP

`]�



q�uvRSj�hdTUB

x

y

l1

l2

m1

m2

τ1

τ2
θ1

θ2


�DUlIc(Y+Fk`(> �.�d~"D?PfC*RSjkF j�R0H8�]KdD?H8B�H8B�K O1BIPQF�YfC+D?H8c(T�F�H�D?B�KdRSPS>

O1R j�FIP*F PfR c(b(D�H8F]KwR8K T?BIP[R �"C*Y+R8j�BIPS> � F FIH8H�D?J�K P*B�bdY*R�RST�P*D�PvC+R8jkFkRSPfC+�O(FIO(F h!B�YQT�F�PiC+B�Y\H8F�P
τ1
�
τ2
>d~"cdh<BIK(lIF�j�B$P�
IcdRNRST9PfD�PfC*R8jkF�PfRLP*B�j�R�C+RNFh!R8Y*C*c(Y+bdF�H8DUBIK(RSPmP*B�b(Y+RMH8F�OdF cdKdF�O1RLT?FIPQF]Y*C*D�H�c(T�F�H8DUBIK(RSPS>

)+*�,-1 37* ��8K<�1 ���K<
4 QB*
� F]Y\F�j�B1O1R8T�F]YmR8T�P*D?PfC*RSjkF h!B1O1R8j�BIP c1C+DUT?D?VSF]YmRST�j��8C*B1O1B�O1R8T � F]l�Y\F]K �l�D�F]KdBd> � F�R8KdR8Y+l���F h!B]C+R8KdH8D?F�T�O1R8T9P*D�PvC+R8jkF�RSP

P = (m1 +m2)gl1 cos θ1 +m2gl2 cos θ2,

O1BIKdO1R
g
RSPQT�F�F�H8R8T?R8Y\F�H�D?J�K l�Y\FGE$DUC+FIH�D?B�KdF�T 
 � T�F�R8K(RSY*l �?F�H�D?K(�8C*D�H8F�RSP

K =
1

2
(m1 +m2)l

2
1 θ̇

2
1 +m2l1l2θ̇1θ̇2 cos(θ1 − θ2) +

1

2
m2l

2
2θ̇

2
2 .

`(=



����� � � � ��� ��� �$��� � ��� ���
q�T � F]lIY+F�K(l�D�F]K(B PfRLO1R��dK(R�H�BIj�B

L = K − P,
� T�F�PmR0H�cdFIH�D?B�K(R0PQO1RMj�B&E"D?j�DURSKIC+B�RSPfC+�]K O(FIO(F�Pmh!B�Y

d

dt

(
∂L

∂θ̇i

)

− ∂L

∂θi

= τi + δi − cfiθ̇i, i = 1, 2,

O1BIKdO1R
δi
PfBIK T�F�PQh!R8Y*C*cdY*bdFIH�D?B�K(R0P��

cfi
PfBIKgT?BIP[H�B"R �<H8DURSK$C*RSPQO(R � Y*D�H8H8DUJIKR8KgT�F�PQF]Y*C*D�H�cdT?FIH�D?B�K(R0P8>

� F]Y\F T�F�h(Y+DUj�R8Y\F�H�B"B�Y\O1R8K<F�O(F C*RSK(R8j�BIP
(m1 +m2)l

2
1 θ̈1 +m2l1l2θ̈2 cos(θ1 − θ2) +m2l1l2θ̇

2
2 sen(θ1 − θ2)−

− (m1 +m2)gl1 sen θ1 = τ1 + δ1 − cf1θ̇1,
� `1>a`]�	�

� hdF�Y+F�T�F�PfRSl�c(KdOdF
m2l1l2θ̈2 cos(θ1 − θ2) +m2l

2
2 θ̈2 −m2l1l2θ̇

2
1 sen(θ1 − θ2)−

−m2gl2 sen θ2 = τ2 + δ2 − cf2θ̇2.
� `1>a`1= �

qrP+H�Y+DUbdDURSKdO1B T�F�P[RSH8cdF�H8DUBIK(RSP���`(> `�� ��� ��`(> `(= � R8K�� BIY*jkF jkF]C*Y+D?H8D?F�T�T?TURSlIF �j�BIPQF
[

(m1 +m2)l
2
1 m2l1l2 cos(θ1 − θ2)

m2l1l2 cos(θ1 − θ2) m2l
2
2

][
θ̈1
θ̈2

]

+

+

[
cf1 m2l1l2θ̇2 sen(θ1 − θ2)

−m2l1l2θ̇1 sen(θ1 − θ2) cf2

][
θ̇1
θ̇2

]

−

−
[
(m1 +m2)gl1 sen θ1

m2gl2 sen θ2

]

=

[
τ1 + δ1
τ2 + δ2

]

.

Z RSP*h<RfufF]KdO1B
θ̈1
�
θ̈2
P*RMB�b1C+DURSK(R

θ̈1 = f1(θ1, θ2, θ̇1, θ̇2, τ1, τ2, δ1, δ2)

θ̈2 = f2(θ1, θ2, θ̇1, θ̇2, τ1, τ2, δ1, δ2)H�BIK

f1 =
1

α

[

−m2 sen θ

(

θ̇21 cos θ +
l2
l1
θ̇22

)

− cf1θ̇1
l21

+
cf2θ̇2 cos θ

l1l2
+

+
mg sen θ1 −m2g sen θ2 cos θ

l1
+

1

l21
(τ1 + δ1)−

cos θ

l1l2
(τ2 + δ2)

]

`�`



q�uvRSj�hdTUB
�

f2 =
1

α

[

sen θ

(
ml1
l2

θ̇21 + θ̇22m2 cos θ

)

+
cf1
l1l2

θ̇1 cos θ − mcf2
m2l22

θ̇2 +

+
mg sen θ2 −mg sen θ1 cos θ

l2
− cos θ

l1l2
(τ1 + δ1) +

m

m2l22
(τ2 + δ2)

]

O1BIKdO1R
α = m1 +m2 sen2 θ

�
θ = θ1 − θ2

�
m = m1 +m2

>
�[FIH�D?R8KdO1B

x = col(θ1, θ2, θ̇1, θ̇2)
�
u = col(τ1, τ2)

�
δ = col(δ1, δ2)

�T?DUK(R0F]T?DUV0F]KdO(B�F�TUY+RSO1R0O1B�YQO1RST9B�Y+D?l�R8K C*RSK(R8j�BIP
ẋ1 = x3

ẋ2 = x4

ẋ3 = f1(0) +
∂f1
∂x

∣
∣
∣
∣
0

x+
∂f1
∂u

∣
∣
∣
∣
0

u+
∂f1
∂δ

∣
∣
∣
∣
0

δ +O2(θ)(u+ δ)

ẋ4 = f2(0) +
∂f2
∂x

∣
∣
∣
∣
0

x+
∂f2
∂u

∣
∣
∣
∣
0

u+
∂f2
∂δ

∣
∣
∣
∣
0

δ +O2(θ)(u+ δ).

� FIPQO1R8Y+D?EGFIO(F�P hdF�Y+H8D?F�TUR0P RSPfC+�]K O(FIO(F�Pmh!B�Y
∂f1
∂x

∣
∣
∣
∣
0

=
1

m1

[
mg
l1

−m2g
l2

− cf1

l21

cf2

l1l2

]

∂f1
∂u

∣
∣
∣
∣
0

=
∂f1
∂δ

∣
∣
∣
∣
0

=
1

m1l1

[
1
l1
− 1

l2

]

∂f2
∂x

∣
∣
∣
∣
0

=
1

m1

[

−mg
l2

mg
l2

cf1

l1l2
−mcf2

m2l22

]

∂f2
∂u

∣
∣
∣
∣
0

=
∂f2
∂δ

∣
∣
∣
∣
0

=
1

m1l2

[
− 1

l1

m
m2l2

]

~"c(h!B�K(l$F]j�BIP 
$c(RLP*RNC*D?R8K(RSKgT?BIPQP*D?l�c(D?R8K$C*R0PmhdF]Y\�]j�R8C*Y+BIP
� %(#��.(��$68#&- �M%d'.-<#

m1
�d> _ � �$l �

m2
�d> , � �$l �

m
=�>?= � �$l �

g
�d> ,d= � j��

s2
�

l1
�d> ,$p � j �

l2
�d>a� � j �

cf1
�d> o � �$l��&P �

cf1
�d> o � �$l��&P � >

`�_
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q�K$C*BIKdH�R0PmR8T�P*D�PvC+R8jkF 
IcdRSO(F�O1R0P*H8Y*DUC*BkH�BIj�B







ẋ1

ẋ2

ẋ3

ẋ4







=







0 0 1 0
0 0 0 1

42.3 −37.4 −1.8 2.2
−51.4 51.4 2.2 −9.4













x1

x2

x3

x4







+

+







0 0
0 0

4.6 −5.6
−5.6 9.4







[
u1 + δ1 +O2(θ)(u+ δ)
u2 + δ2 +O2(θ)(u+ δ)

]

.
� `1>a`�` �

M */:$<�N */3 ) O

� F C*Y\F]K<P�� BIY*jkF�H8DUJIK

T =







−0.6357 −0.7719 0 0
0.7719 −0.6357 0 0

0 0 0.7947 0.4760
0 0 0.4760 0.3920







R �1h(Y+RSP+F�F]T9P*D?PfC*RSj�F�RSKgT�F�� B�Y+jkF Y+R8lIc(T�F]Y






v̇1,1

v̇1,2

v̇2,1

v̇2,2







=







0 0 1.3916 −3.6591
0 0 7.1228 −10.2708

−1.7850 10.4124 13.1205 −22.7470
−1.8174 −1.4967 14.5658 −24.3197













v1,1

v1,2

v2,1

v2,2







+

+







0
0

u1 + δ1 +O2(θ)(u+ δ)
u2 + δ2 +O2(θ)(u+ δ)






.

� F]Y\F R0PvC\F]b(D?T?DUV0F]YQF]T9P*D?PfC*RSjkF�O(RLB�Y\O1R8KgY*R0O1cdH8D?O1B
[
v̇1,1

v̇1,2

]

=

[
0 0
0 0

] [
v1,1

v1,2

]

+

[
1.3916 −3.6591
7.1228 −10.2708

] [
v2,1

v2,2

]

h!B"O(R8j�BIP ��h!B�Y RvuvRSj�hdTUB �Ic1C+DUT?D?VSF]Yic(K H8B�K$C*Y+B�T<J�h1C+DUj�B � ��� e � � `�� >$q�T � c(K �H�D?B�K<F]T
J =

∫ ∞

0

10‖v1(τ)‖2 + ‖v2(τ)‖2dτ
`&o



q�uvRSj�hdTUB
RSPmj �?K(D?j�B H8cdF]K<O1B

v2 = −
[
−2.0103 2.4411
−2.4411 −2.0103

]

v1.

� F�P*c(h<RSY �!H�D?R�
IcdRSO(F�R8K$C+B�KdH8RSPmO1R �<K(D?OdFkH�B�j�B

s(x) =

[
−2.0103 2.4411 1 0
−2.4411 −2.0103 0 1

]

Tx

=

[
3.1623 0 0.7947 0.4760

0 3.1623 0.4760 0.3920

]

x.

� F]Y\F RST�H�BIK$C*Y+B�T
u(x) = −ρ(x) s

‖s‖ ,b(cdP+H8F�j�BIP T?F�l$F]KdF�KdH�D�F
ρ(x)


$c(RLP*F]C*D�P��.F�lIF��$E�RSY ��`1>?=S�	� �
ρ(x) >

∥
∥
[
FA11 +A21 FA12 +A22

]
T

∥
∥ ‖x‖+

+

∥
∥
∥
∥

[
δ1 +O2(θ)(u+ δ)
δ2 +O2(θ)(u+ δ)

]∥
∥
∥
∥
.

~"c(h!B�KdlIF]j�B$P�
$c(RLT�F�Pmh!R8Y*C*cdY*bdFIH�D?B�K(R0P RSPfC+�]K F�H8B]C\F�O(FIPih!B�Y
|δ1| ≤ 10, |δ2| ≤ 10,

H8F�T?H8c(T�F]KdO1B�P*RNBIb1C*D?R8KdR
ρ(x) > 92.135‖x‖+ 10

√
2 + ‖O2(θ)(u + δ)‖.

q�T�cdPfB O1R�T�FkK(B�Y+jkF�hdF]Y\F�R8T�H8��T?H8c(TUB O(R
ρ(x)

D?j�h(T?D?HSFkT?F H�B�K<PfD�O1R8Y\F�H8DUJIKO1RST�h!R8B�YNH8FIPfB<>
� F]Y\F�T?FIP[P*DUj c(T?FIH�D?B�K(R0P 
$c(R P*R�T?TURSEGF�Y*BIK�F H8F�b<B �
ρ(x)

PfRRSPfC*D?j�JwD?K(D�H�D�F]T?j�RSK$C*R cdP+F]K<O1BwRST HS�]T�H�c(T?BwF]K$C+R8Y+DUBIY��APfRgF&uvcdPfC*J �fR �1h!R8Y+D �j�R8K$C+F�TUj�RSKIC+R 	LH�B�j�B
ρ(x) = 20‖x‖+ 20.

� FIPQH�BIKdO1D�H�D?B�K(R0PmDUK(D�H�D�F]T?RSP[O1R8T�P*D�PvC+R8jkF�� c(R8Y+B�K
θ1(0) = 0.3

�
θ2(0) = 0.4�

θ̇1(0) = θ̇2(0) = 0
> X B�j�B
h<RSYfC+c(Y+bdF�H8DUBIK(RSPkP*R�cdP+F]Y+B�K

δ1 = δ2 =
10 sen(5t)

>qrPNH�B�j��(K P*cdPvC+D C+c(D?Y[R8T�H�BIKIC+Y*BIT�O1D�P*H8B�K$C*D?K"c(Bkh!B�Y[cdKdFkF]h(Y+B �1DUjkFIH�D?J�KH�BIK$C*D?K$c<F(> qrPfC*B
Y*R0O1cdH8RgP*DUlIK(D �<H8F]C*D?EGF�j�R8K$C*RgR8T H��dF]CfC+R8Y+DUK(l
� �.F�H8DUT?DUC+F R8Th(Y+B1H�RSP*BwO1RgPfD?j cdT?FIH�D?J�K9> ~"R hdc(RSO1RgPfc<PvC+D C+c(DUY � h<BIY RfuvR8j�h(T?B � T?F � c(KdH8DUJIK
`Ip
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�DUlIc(Y\F�`(>a���
� h(Y+B �1DUjkFIH�D?J�K H8B�K$C*D?K"cdF�O1RLT?F�� c(K<H�D?J�K ��
�� � ��� >

sign(s)
h!B�Y

s/(|s|+ h)
�(O(B�KdO1R

h
h(c(R0O1R �dF�H8R8Y\PfRQC\F]Kgh<R 
$c(R8�(B�H�BIj�B P*R


$c(D?R8Y\F �.E�R8Y��<l�c(Y\Fk`1> � �s>
� F]Y\F T�FkP*DUj c(T?FIH�D?J�K�O1RLT�F��dl�cdY+Fk`1> , �<PfRLY+R8lIc(T?F�Y*D?V8J�R8T�H�B�K$C+Y*BIT9O1RLT?FP*DUlIc(DURSK$C*R � B�Y+jkF��

u = −ρ(x) s

‖s‖+ 0.0005
.

~"RQB�b<PfRSY*E&F 
$c(RQR8T(H8B�K$C*Y+B�T1R0PvC\F]b(D?TUD?VSFMP+F&C+D?P �.F�H�C*B�Y+D�F]j�R8K$C*RmF]T<PfD�PvC+R8jkF(>Z R8b(D�O1B�F T?F Y*RSl�c(T�F]Y+D?VSF�H8DUJIK
O1R8TMH�BIKIC+Y*BIT �iT?F Y*R0Pfhdc(RSPfC+FAhdY*R0PfRSKIC\FAc(KdFT?DUlIR8Y\F B$P*H8DUT�F�H8DUJIK9>X B�K � BIY*j�RiR8T"PfD�PvC+R8jkF[P*RmF]h(Y+B �1DUjkFQF]T$h(c(K$C+BNO1RiR 
$c(D?TUD?b(Y+DUB �SRST$H8B�K$C*Y+B�TP*R�F]h(Y+B �1DUjkF�F T�F�h!R8Y*C*c(Y+bdF�H8DUJIK �1h!R8Y+B�H8B�K�P*DUlIK(B�B�h(c(R0PvC+B �dH8B�j�B�j c(R0P��C*Y\FNT?FMR��1h(Y*R0PfD?J�K�O1R8T<H�B�K$C+Y*BIT1R 
$c(D?EGF�TURSK$C*R ��`(>U=G`��s>�~1RQh(c(RSO(R F]h(Y+RSH8D?F�Y 
$c(RT�F�F�j�h(TUDUC*c<O O1RMT?BIPQH8B�K$C*Y+B�T?RSP O1c(Y\F]K$C*RNR8T7C+Y+F�KdP*D C+B�Y+DUB�RSP bdFIPvC\F]K$C*RMl�Y\F]K �O1R 
 RSPfC*B
PfR O1R8b!R�F 
IcdR D?K(D�H�D�F]T?j�RSK$C*R�� RST H�BIKIC+Y*BIT O(R8b!R H8B�j�h!R8KdP+F]Y�T?Fh!R8Y*C*c(Y+bdF�H8DUJIK � T?F�O1D?Kd�]j�D�H8F�O1RST�PfD�PfC*R8jkFd>
M */:$<�N */3 ) O �

� F]Y\FmR8TIH8B�K$C*Y+B�T&KdB�j�DUK<F]T�RSTURSl�D?j�BIP �sc(KdFQEIR8V jk��P �8c(K�H8B�K$C*Y+B�T&JIh1C*D?j�Bd>Z R �dK(D?j�BIPmRST�� c(KdH8DUBIKdF]T9H8B�j�B
J =

∫ ∞

0

‖x(τ)‖2Q + ‖u(τ)‖2dτ,

`]�
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�DUlIc(Y\F�`1> ,�� e R0Pfhdc(RSPfC+FLO1RST<P*D?PfC*RSjkFLcdP+F]KdO1BLj�B1O1B$P�O1RSP*T?DUV0F]K$C*R0PrH�BIK"E�R8K �H�D?B�K<F]T?RSPS>

H�BIK

Q =







10 0 0 0
0 10 0 0
0 0 1 0
0 0 0 1






.

q�T H�BIKIC+Y*BIT 
$c(R�j�D?K(DUj�D?VSF R8T � cdKdH�D?B�KdF�T�RSKwF]cdP*R8K<H�D�FkO1R�h!R8Y*C*c(Y+bdF�H8DUBIK(RSPRSP

u0 = −Kx = −
[
10.7475 −1.8061 2.3394 0.4964
−9.5735 7.9413 −1.2748 0.4607

]

x.

� F�P*c(h!R8Y �<H�D?R 
IcdRSO(F�H�BIj�B

s(x, t) = B+

[

x(t) − x(t0)−
∫ t

t0

(A−BK)x(τ)dτ

]

.

`$�
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�DUlIc(Y\FM`(> �.� e R0Pfh(cdRSPfC+FLO1RSTdPfD�PfC*R8jkFMcdP+F]K<O1BLj�B"O(BIP O1R0PfT?DUV0F]K$C*R0P D?KIC+R8lIY+F �T?RSPS>

� F�lIF�KdF]K<H�D�F O1RST�H�BIK$C*Y+B�T�O1D�P*H8B�K$C*D?K"c(BkO1R8b!R�P*F]C*D�P��.FIH�RSY �"E�RSY � `1>?=8o � �

ρ(x) >

∥
∥
∥
∥
(GB)−1GB

[
δ1 +O2(θ)(u+ δ)
δ2 +O2(θ)(u+ δ)

]∥
∥
∥
∥

=

∥
∥
∥
∥

[
δ1 +O2(θ)(u + δ)
δ2 +O2(θ)(u + δ)

]∥
∥
∥
∥
.

� F]Y\F T�F�Pmj�D�PfjkFIPmh<RSYfC+c(Y*b<F�H�D?B�KdRSPiC*RSK(R8j�BIP
ρ(x) = 10

√
2 + ‖O2(θ)(u+ δ)‖.

� F]Y\F T�F�PMP*DUj c(T?FIH�D?B�K(R0P O(R�T�F �dl�c(Y\F `(> � ��PfR�RSPfC+F�b(TUR0H�D?J
ρ(x) = 20

> � F�PH�BIKdO1D�H�D?B�K(R0P D?K(D�H�D�F]T?RSP � cdR8Y+B�K T�F�P j�D?P*jkF�P 
$c(R hdF]Y\FkRST�H8B�K$C*Y+B�T�@ Z > � FF]j�h(T?DUC*cdO O1R8T H�BIKIC+Y*BIT�O1cdY+F�KIC+R RST�C+Y+F�KdP*D C+B�Y+DUBkR0P[j cdH��(B j�RSK(B�Y 
$c(R RSKR8T9HSF�P*Bk@ Z � RST�PfD�PfC*R8jkF�RSPmY+B�bdcdPvC+BkO1RSP+O1RMR8T9hdY*D?j�R8YQj�B�j�R8K$C+Bd>

` ,



���������
	��
� �

� � � ��� � 	 �k������� � � 	 � � � �
� � � � 	��g���

H∞

X B�j�B[P*RrE"D?B R8K�RST$HSF]h �UC*cdTUBM` �8T?BIP�j�B1O1BIP�O1RSP*TUD?VSF�K$C*RSP�PfBIKLDUK<PfRSKdPfD?b(T?RSPFgh<RSYfC+c(Y+bdF�H8DUBIK(RSPMO1R�C*D?h!B F�H�BIh(T�F�O1B �!h!R8Y+B�PfRSKdP*DUb(T?RSPMFgh!R8Y*C*c(Y+bdF�H8DUBIK(RSPO1R0P*FIH�B�hdT?FIO(F�PS>�q�K O1D�H��(BwHSF]h �UC*cdTUBwP*R FIPfc(j�D?J ��F�O1RSj��IP�� 
IcdR T?FIP�j�RSO(D �H�D?B�KdRSPmO1D�Pfh!B�K(D?b(T?RSP H8B�Y+Y*R0Pfh!B�K<O1R8K F�T9RSPfC+FIO1B�H�B�j�h(T?R�C+Bd> � F D�O1R0F�H8R8K$C*Y\F]TO1R�R0PvC+R HSF]h �UC*c(T?B R0P[O1D�PfRS�dF]Y T?F Pfc(h!R8Y �<H8DUR O(RSP*TUD?VSF�KIC+R�cdP+F]KdO(B T?FIPQC+�SH�KdD �H8FIP�O1R[H8B�K$C*Y+B�T H∞
h<F]Y\FNC*Y\F&C+F�Y�T�F�P h!R8Y*C*c(Y+bdFIH�D?B�K(R0P�O1RSP+F�H8B�h(T�F�OdF�P � � RSKH8FIPfB$P hdF�YfC+D?H8c(T?F�Y*R0P���Y*RST?F]ufF]YrT�F�P*c(h!BIP*D?H8DUJIK O1R 
$c(RNPfRNH�c(RSKIC\F H8B�K�C*B1O1B R8TRSPfC+FIO1Bd>

� ����� � '(��VB� �PX
%�%��"&-' # 	 %K�('-��VB� 	 H∞

q�K R0PvC\F�PfR0H8H8DUJIK PfR �<F�H�Rwc(KdF�h!R 
$c(RS�dFAY+R8E"D�PfD?J�K
F]T h(Y+B�b(T?R8jkF�O1RH�BIK$C*Y+B�T H∞
R8K�R8TmRSP*hdF�H8DUB O1RgRSPfC+F�O(BIP ��C\F]TQH�BIj�B PfRgh(Y+RSP*R8K$C+FwR8K � � � �O1BIKdO1RkT�F j�R8C*B1O1BITUBIl���F P*R H�BIj�h<F]Y\F H8B�K
T?F hdY*BIh(c(RSPfC+FgRSK T�FgC*RSB�Y �?F O1RH�BIK$C*Y+B�T H2

��B�Y+D?l�D?KdF]T?j�R8K$C*RQO1RSK(B�j�D?KdF�O(F � DUKdRSF]T X cdF�O1Y\�&C+D?HSF��MF]cdP+P*D?F�KdF� � � � �s>q�KwT�F �<l�c(Y\Fk_(>?= P*R�j cdRSPfC*Y\FkR8T O1D�F]l�Y\F]jkFkO1R b(T?B 
$c(R0P[jk�IP l�RSK(R8Y\F]TO1R�cdKwPfD�PfC*R8jkF O(R H�BIK$C*Y+B�T � , �!h9>!� � �!O1B�K<O1R F
Ge
PfR TUR TUT�F]jkFkT�Fkh(T�F]K$C+Fl�RSK(R8Y\F]T?D?VSF�OdF �

K
RSPiR8T7H�BIKIC+Y*BIT?FIO1B�Y0> � F P+F]T?D?O(F z RSPic(K E&F�Y*D�F]b(T?R O(R[h!R �KdF�TUD?VSFIH�D?J�K 
$c(RNh<B1O1Y �?F h!B�Y RvuvR8j�h(T?B �1H8B�K$C*RSK(R8Y c(KdF�PfRS�dF]T7O1RMR8Y+Y+B�Y 


y
PfRH�BIj�h<BIK(RNO(RNT�F�Pmj�R0O1D?H8DUBIK(RSPmO1D�P*h<BIK(DUbdTUR0P�


u
R0PmT?F�R8K$C+Y+FIO(F O1RLH8B�K$C*Y+B�T��

w
H�B�K$C+DURSK(R�C+B"OdF�PNT?FIPNR8K$C*Y\F�O(FIP[R��"C*R8Y+KdFIP��!DUK<H�T?c
��RSKdO1B h!R8Y*C*cdY*bdFIH�D?B�K(R0P��

`]�
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u


�D?l�c(Y\F�_(>?= �1Z D?F�l�Y\F]jkF O(RLb(TUB 
$c(R0PQO1RLc(K�PfD�PfC*R8jkF�O1RLH�BIK$C*Y+B�T

Y+c(D?O(BkR8K T?BIP P*R8K<PfBIY*R0P �gP*R8�<F]T?RSP O1R Y*R�� R8Y+R8KdH8D?Fd> � F � cdKdH�D?J�KwO(RLC*Y\F]KdP � R �Y+R8KdH8D?F�O1R
w
F
z
PfRLO1RSK(B]C\F

Tzw

>
q�T9BIb1uvR�C+DUEIB R0Pmj�D?K(D?j�DUV0F]Y ‖Tzw‖∞

�(O1B�K<O1RMT?F�K(BIY*jkF H∞
�(O1R �dKdD?O(FR8K R8T�O1B�j�D?K(B O(R[T�F � Y+RSH�cdR8KdH8D?F O1R[c(K<F�jkF&C+Y*D?V O1R C*Y\F]K<P�� RSY*RSKdH�D�FLRSPfC+F�b(T?R

G(s)
RSP

‖G(s)‖∞ , sup
ω

σmax[G(jω)].

X B�K�R0PvC+R B�b1uvR8C*D?E�BMR8Kkj�RSKIC+R��ITUB$P�F]T?l�BIY*DUC*j�BIP O(R[H�BIKIC+Y*BIT H∞
� H2

hdc(R �O1RSK�h<BIK(R8Y\PfRLRSK�R8T�j�D?P*j�B H�B�K$C+R �"C*B<>dZ[R�F�H8c(R8Y\O1B H�BIK2� � � �<R8T�hdY*BIb(TURSjkF
��� ����C*Y\F�P*T?FIO(F�O1B F]T[O(B�j�DUKdDUB�O1R�T�F�� Y*R0H�c(RSKdH�D�F � R0PvC+B
RSP � H2

��hdc(RSO1R
� B�Y+j cdT?F�Y+P*RNH8B�j�B�c(K h(Y*BIb(T?R8jkF�O1RMj�D?K(D?j�DUV0F�H�D?J�K�O1R ‖Tzw‖2

>
� F j�DUKdDUj�D?VSF�H8DUJIK O(RgT�F�P�KdB�Y+j�FIP�R8cdH8T ��O1RSF R D?K �dK(DUC*B
C+DURSK(R EGF�Y*D�F�PD?KIC+R8Y+h(Y+R�C+FIH�D?B�K(R0P��dc(KdF O(R R8T?T�F�P R0P[RSK�C*�SY*j�D?K(BIP O1R RSK(R8Y+l���F(><q�K RST�HSF�P*B

H∞
h<B1O1RSj�B$P h<RSKdP+F]Y R8K C*�SY*j�D?K(BIP O(R j�D?K(D?j�D?VSFIH�D?J�K�O1RQT�F RSK(R8Y+l���F C5L�C5A �O1R
z
�9j�DURSK$C*Y\F�P 
$c(RkR8K
RSTrH8FIPfB H2

�9h<B1O1RSj�BIPLh!R8KdP+F]YLRSK C*�8Y+j�DUKdBIP�O1Rj�DUKdDUj�D?VSF�H8DUJIKgO(RLT?F�R8KdR8Y+l���F � ��� C � A � >~"RQh(Y+B1O1cdH�Rmc(K�Y+RSP*c(TUC+F�O(B D?K$C*R8Y+RSP+F]K$C+R H8cdF]KdO(BNRSK�P*R8K$C+D?O1BMD?K"E�R8Y\P*B �GR8Th(Y+B�b(T?R8jkFmO1RrH8B�K$C*Y+B�T H∞
P*R C*Y\F�P*T�F�O(FmF]T$O1B�j�D?K(D?B O1R8T�C*D?R8j�h<B<>8q�K R8T�HSF�P*Bl�RSK(R8Y\F]T �$R8T9H�BIK$C*Y+B�T�F�O1BIYrR8K R8T�R0PfhdFIH�D?B�O(R R0PvC\F�O1B$PrC+DURSK(RMc(KdF RSPfC*Y+cdHsC+c(Y\FC*D?h!B RSPfC*D?jkF�O1BIY � Y*R8C*Y+B O(R�RSPfC+FIO1B �8P*D?j�D?T�F]Y�FmT�F O1R T?BIP�H�B�K$C+Y*BIT?FIO1B�Y+RSP ��� ��>
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Â∞ , A+ γ−2B1B
T
1 X∞ +B2F∞ + Z∞L∞C2

F∞ , −BT
2 X∞, L∞ , −Y∞CT

2

Z∞ , (I − γ−2Y∞X∞)−1.

_I`



� K$C*Y+B1O1cdH8H8DUJIKgF�T9H�BIKIC+Y*BIT H∞

q�TQH�BIKIC+Y*BIT?FIO1B�Y �.P*c(b<JIh1C*D?j�B	�
Ksub

R8K ��_(> o	� h(c(R0O1R Y+RSF�TUD?VSF�Y+P*R H�BIKc(KdF�R0PvC+Y*cdH�C*c(Y\F�RSPfC*D?jkF�O1BIY � Y*R8C*Y+B O1RLR0PvC\F�O1BkH�BIj�B
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u = F∞x̂, ŵworst = γ−2BT
1 X∞x̂.

qrPfC+F RSPfC*Y+cdHsC+c(Y\F R0P P*D?j�D?T�F]YQF T�F�O1RMc(KgH8B�K$C*Y+B�T�F�O(B�Y � � ��> � F�Y+F R8T�HSF�P*Bl�RSK(R8Y\F]T �.Y*R8C*Y+B�O1R P+F]T?D?O(F	� PfR[Y*R 
IcdDURSY*RmR8K F�j b!BIP HSF�P*BIP T�F�PfBITUc<H�D?J�K�F�O1BIPRSH8cdF�H8DUBIK(RSPMO1R e D?HSH8F&C+D�> X B�j�B R8K
R8TrHSF�P*B H2
��H8cdF]KdO(B P*R O1D�Pfh!B�KdR O1R8TRSPfC+FIO1BLH�BIj�hdTUR8C*B �IPfJITUBLP*RQY*R 
IcdDURSY*RQT�FLPfBITUc<H�D?J�K�FMc(KdFLO1R T�F�P R0H�cdFIH�D?B�K(R0P��T�F��._d> ` ��
 ��H�cdF�KdO1BNPfR H�B�K<PfD�O1R8Y\F �(KdD?HSF]j�R8K$C*RiR8T"h(Y+B�b(T?R8jkF O(RiR0PvC+DUjkF�H8DUJIKP*J�T?B RSP K(R0H�R0P*F�Y*D?B Y+RSP*B�T?E�RSYrT�F R0H�cdFIH�D?J�K���_(> _ ��>$qiPiD?K$C*RSY*R0P*F�KIC+R KdB]C+F�Y�
$c(RH�BIK � B�Y+j�R

γ → ∞ ��RST[H�BIK$C*Y+B�T�F�O1BIY H∞
P*R�F]h(Y+B �1DUjkF F]T[H8B�K$C*Y+B�T�F�O1BIY

H2
>�qiPvC+B h(cdRSO1R�E�RSY*D �<H8F�Y+P*R �.�IH�D?TUj�R8K$C+R�BIbdP*R8Y+EGF�KdO1B T�F�PNR0H�cdFIH�D?B�K(R0P O1Re D�H8HSF&C*D � T?F�Y+RSF�TUD?VSFIH�D?J�K O(R8T9H�BIK$C*Y+B�T�F�O1BIY ��_(> o	�s>

 KdF � B�Y+j�FMO1R[DUK$C*RSY*hdY*R8C+F]Y T�FMK(BIY*jkFNDUK �dK(DUC+F�O1RQT�FLjkF&C+Y*D?V O1RmC+Y+F�KdP��� R8Y+R8K<H�D�F

G(s)
�"RSPiR8K C*�8Y+j�DUKdBIP O1R[T�FLlIF�KdF]K<H�D�F�O1R8T7P*D?PfC*RSj�Fd> ��j�B"O(B O1RRvuvRSj�h(TUB �Sh!R8K<PfRSj�B$P�RSK�R8T1HSF�P*B ~ � ~9M �.c(KdF RSK$C*Y\F�O(F �8c(KdF P*F�TUD�O(F	�s>&~"c(h!B�K �lIF�j�BIP 
IcdR F�T"P*D�PvC+R8jkF P*R TURmF]h(T?D�H8F cdKdFNR8K$C*Y\F�O(F

w ∈ L2
��H�B�K<PfD�O1R8Y+R8j�B$PT�F�P+F]T?D�O(F

z

‖z‖2L2
,

∫ ∞

−∞

z2(t)dt

=
1

2π

∫ ∞

−∞

|G(jω)|2|w̄(jω)|2dω,

O1BIKdO1R
w̄
R0PQT�F C+Y+F�KdP � B�Y+j�FIO(F O(R � F]hdT?FIH�RLO1R w >

‖z‖2L2
≤ ‖G‖2∞

1

2π

∫ ∞

−∞

|w̄(jω)|2dω = ‖G‖2∞‖w‖2L2
.

qrP O1RSH8DUY ��T�F�KdB�Y+j�F H∞
R8K RST!O1BIj�DUK(D?B O1R T?F � Y*R0H�c(RSKdH�D�F���T?F K(B�Y+jkF L2D?KdO1cdH8D?O(F O1R c(K P*D?PfC*RSjkF T?DUK(R0F]T$R8K R8T1O1B�j�D?K(D?B O1RSTIC+DURSj�h<BMPfBIK�R 
$c(D?E&F]T?R8K �C*R0P8>!qrPfC+F R 
$c(D?E&F]T?R8KdH8D?F PfR�O(FkC\F]j bdDU�SKwhdF�Y+FkRST�HSF�P*B lIR8K(RSY+F�T �.@ � @ M � �RSPQO(RSH�D?Y �
‖G‖∞ = sup

w∈BL2

‖z‖L2
.

�._(>ap��
� F �(T C+DUjkF DUlIcdF]T�O(F�Ogh!R8Y+j�D C+R R8K$C+R8KdO1RSY[RST�h(Y+B�bdTURSj�FkO(R H∞

R8K C+�8Y+j�D �K(B$P O1R ADCGF ��� A
> 
�� � � F �9FIH C � H �@A
> 
 L � F � ��O1R�C+R8Y+j�DUKdF�Y T�F R0PvC\F]b(D?T?D?O(FIO�RSKC*�SY*j�D?K(BIP O1R � c(K<H�D?B�K(R0P O1R � �IF�h(c(K(B&E � lIR8K(RSY+F�TUD?VSF�YLTUB$P�H�BIKdH�RSh1C*B$P O1R
H∞

F�P*D�PvC+R8jkF�PmK(B�� T?D?K(RSF�TUR0P8>
_I_



����� � � � ��� ��� �$��� � ��� ��� � � ��� ��� � �
����� H∞

� �$-<#&� (�% x ����3���� 	�� � � � ��� A � F � � F �

�� ! L � ��� � � F � C5L � 
 A � � F > ��� � � F � �
� � ! A � >@L � � 
 > 
 L � F � �
F � CGF L�H F � A 
 � F � A�C 
 �
/ A > F � > L � X∞

�9L ��
 C 
 
DA
� F�� ��
 � A �

� � C5L � >@F � � F � >@L � C7H L � A � LDH Ksub
F ���
��� ��� F � A � � 
 ��
 � � F �

∫ T

0

zT (s)z(s)ds ≤ γ2

∫ T

0

wT (s)w(s)ds

� F > ��� � � F > � A � � L x(0) = x̂(0) = 0 �9ADH A > � A � � ��
 FIH T > 0
�

� � � � � � � A / ��� > 
�� � >@A � � 
 � ADCGA � F ! � A � ��� L 

V (x, x̂) = xTX∞x+ γ2(x− x̂)T (Z∞Y∞)−1(x − x̂)

� ADC 
 �
/ A
>@F
V̇ ≤ −‖C1x‖2 − ‖u‖2 + γ2‖w‖2.

� �	T � U � � W � ' #�%��"&(' ��� 	�# � � � � �
	 %�' ��%K# �
�[FIPvC\F R0PvC+R hdc(K$C*BkPfR �dF�K h(Y+RSP*R8K$C\F�O1B�O1BIPiC+�SH�KdD?HSF�PmO1RLH�BIKIC+Y*BIT �1F�j��bdFIPrRSK � B1H8F�OdF�P F�T�F�Y+B�b(cdPfC*RSV�>$q�K R0PvC\F P*RSHSH�D?J�K P*R �<F�H�R c(K R0P�� cdR8Y+V8B h!B�YH�BIj b(D?KdF�YQT?FIP[O1B$PmC*�0H�K(D�H8FIP8>
�rY*D?j�R8Y+B PfR �<F�H�RLcdKwF]Kd��TUD�P*D?PQH8B�j�hdF]Y\F&C+DUEIBR8K$C+Y*R�T�F�P�O1B$PMC*�0H�K(D�H8FIP�
9O(RSP*h(c(�SP PfR H8B�j bdDUKdF�K
T?FIPNC*�SH8K(D�H8F�P H�cdF�KdO1B RSPh!BIP*DUb(T?RMY*R8C*Y+B � F]T?DUj�RSKIC\F]YiR8T�RSPfC+FIO1B�
 � �dKdF]T?j�R8K$C*R �(PfRMH�BIj b(D?KdF�KgH8cdF]KdO(BP*J�T?B R0PQh<B$PfD?b(T?RMY*R8C*Y+B � F]T?DUj�R8K$C\F]Y T?F�P+F]T?D?O(Fd>

� 1B<�N *�,-1 19.D<�8�, * QB*/: QB*/:-, 4 Q94��$: , 1 8 QB*�� 3E8 � 4E1 :$<�*
X cdF]K<O1B P*R O1D�Pfh!B�KdR O1R C*B1O1B RSTiR0PvC\F�O1B �AP*R H�cdj�hdTUR T?F H�B�K<O1D?H8DUJIKO1R�FIH�B�hdT?F�j�D?R8K$C+B �1T?BIPQj�B1O1BIPQO(RSP*TUD?VSF�KIC+RSP P*B�K H8F�hdF�H8RSPQO1R R8T?DUj�D?KdF]Y h!B�YH�BIj�h(TUR8C*B T�F�P�h!R8Y*C*c(Y+bdF�H8DUBIK(RSPS> � F P*c(h<RSY �!H�D?RiO1R0PfT?DUV0F]K$C*Rrh(c(RSO(RiO1D�PfRS�dF]Y\P*RR8K$C+B�KdH8RSP P*DUK H8B�KdP*D�O1R8Y\F]Y h!R8Y*C*cdY*bdFIH�D?B�K(R0P��1c<P*F�KdO1B H2

h<BIY RvuvRSj�hdTUB<> � FH�BIj b(D?KdFIH�D?J�K O1R H∞
��j�B1O1BIP O1R0PfT?DUV0F]K$C*R0P�Y*R0Pfc(TUC+F h(c(R0P��&D?K(K(R0H�R0P*F�Y*D�F 
0T?FF]TUC*RSY*K<F&C*D?E&FNRSP Y+RSF�TUD?VSF�Y�cdK�F�Kd�]T?D�PfD�P H�BIj�h<F]Y\F&C*D?E�BNR8K$C+Y*RQT�F�P O1B$P C*�0H�K(D�H8FIP8>q�T H8Y*DUC*RSY*D?BwhdF�Y+FwR8E&F]T?cdF�Y T�FwY+B�bdcdPvC+R8V RSP�R8Tmh(Y+B�h(cdRSPfC*Bwh!B�Y�RSTmH8B�K$C*Y+B�T

H∞
�(R0PQO1RSH8DUY �1T?F�l$F]KdF�KdH�D�F L2

R8K$C+Y*RMT�F h!R8Y*C*cdY*bdFIH�D?J�K
w
� R8T9RSY*Y+B�Y

z
>

_]o



X BIj b(D?KdF�H8DUJIK O1RLT�F�PQO(BIPQtm�SH8K(D�H8F�P
� F&uvBQT?BIP9P*c(h(c(R0PvC+BIP�R0PvC\F]b(T?RSH8D?O(BIP ��h<B1O1RSj�BIP�R0P*H8Y*D?b(D?Y�F]T$PfD�PvC+R8jkFQH�BIj�B
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−5.6 9.4







︸ ︷︷ ︸

B1

[
δ1 +O2(θ)(u+ δ)
δ2 +O2(θ)(u+ δ)

]

︸ ︷︷ ︸

w

+







0
0

4.6
−5.6







︸ ︷︷ ︸

B2

u.
�._(> , �

_ ,



X BIj b(D?KdF�H8DUJIK O1RLT�F�PQO(BIPQtm�SH8K(D�H8F�P

� FIPmh<RSYfC+c(Y*b<F�H�D?B�KdRSP h(c(R0O1R8K�O1R0P*H8B�j�h<BIK(R8Y\P*RNH8B�j�B

B1w =







0 0
0 0

4.6 −6.9
−5.6 8.3







︸ ︷︷ ︸

B2B
+
2 B1

w +







0 0
0 0
0 1.3
0 1.0







︸ ︷︷ ︸

B⊥

2 B
⊥+
2 B1

w.

� FMh<F]Y*C*R D?V 
$c(D?R8Y\O(FLP*R R8KdH8c(R8K$C+Y+FLFIH�B�hdT?FIO(FMF]T<H8B�K$C*Y+B�T#��P*R8Y\�NR8T?DUj�D?KdF�O(Fh!B�YQT�FkH�B�j�h!B�K(RSK$C*RLO1D�P*H8B�K$C*D?K"cdF
u1


(T?FkO(R8Y+RSH��dF RSPfC+�kO1R0P*FIH�BIh(T?FIO(F��gPfRC*Y\F&C\F]Y\� H8B�K T?F�H8B�j�h<BIK(R8K$C+RMH8B�K$C*D?K"cdF
u0
j�RSO(D?F�KIC+RMT?F�C+�SH�KdD?HSF H∞

>Z[R��dK(D?j�BIPQT�F�EGF�Y*D�F]bdTURLO1RMR8Y+Y+B�YQH�BIj�B

z =









√
10 0 0 0

0
√

10 0 0
0 0 1 0
0 0 0 1
0 0 0 0









︸ ︷︷ ︸

C1

x+









0
0
0
0
1









︸︷︷︸

D12

u

� cdP*HSF]j�BIP c(K<F
X∞ ≥ 0

� T�F
γ > 0

jk��Pmh!R 
$c(RS�dF 
$c(R�P*F]C*D�P��.F�lIF
ATX∞ +X∞A−X∞B2B

T
2 X∞ +

+ γ−2X∞(B⊥
2 B

⊥+
2 B1)(B

⊥
2 B

⊥+
2 B1)

TX∞ + CT
1 C1 = 0.

� F�P*B�T?cdH�D?J�K RSP

X∞ =







1321 12924 2092 1737
12924 129735 20932 17417
2092 20932 3379 2810
1737 17417 2810 2339






, γ = 50,

� RST�H�BIKIC+Y*BIT7K(B�j�D?KdF]T
u0 = −Kx = −BT

2 X∞x =
[
80 1003 157 133

]
x.

� F�P*c(h!R8Y �<H�D?R 
IcdRSO(F�H�BIj�B

s(x, t) = B+
2

[

x(t) − x(t0)−
∫ t

t0

(A−BK)x(τ)dτ

]

.

_I�



����� � � � ��� ��� �$��� � ��� ��� � � ��� ��� � �
����� H∞

� F��dl�cdY+F�_(>a`�Y+R8hdY*R0PfRSKIC\F�T�F Y+RSP*h(c(R0PvC\F O1RST9PfD�PfC*R8jkF�H�cdF�KdO1B
θ1(0) =

θ2(0) = 0.1
�
θ̇1(0) = θ̇2(0) = 0

�
δ1 = δ2 = 0.5 sen(5t)

>�qrTrH�BIKIC+Y*BITO1D�P*H8B�K$C*D?K"c(B�PfRLY+R8lIc(T?F�Y*D?V8J�O1RLT�F�P*D?l�c(D?R8K$C*R � BIY*jkF��

u1 = −ρ(x) s

|s|+ 0.0008
.

ρ(x)
PfR�R0PvC\F]b(T?RSH8DUJ �fR �1h!R8Y+DUj�RSKIC\F]T?j�R8K$C*R 	NR8K

ρ(x) = 5
>(q�K T�F �dlIc(Y+F�P*Rh(c(R0O1R�B�bdP*R8Y+E&F]Y 
$c(R

B2u1
R0PMDUlIcdF]T FgT?Fgh!R8Y*C*c(Y+bdFIH�D?J�K FIH�BIh(T?FIO(F �7R0PvC+BRSP �

B2u1 =







0
0

4.6
−5.6






w1 +







0
0
−6.9
8.3






w2

= B2(−0.243 sin(5t) +O2(θ)(u+ δ)).

� FQY+RSP*h(c(R0PvC\F O(R8TIP*D�PvC+R8jkFmh(Y+RSP*R8K$C+F BIP+H�D?T�F�H�D?B�KdRSP�O1RSb(D?O(B F 
IcdR�R8T�H8B�K$C*Y+B�TK(BIj�D?KdF�TrK(B RSTUD?j�DUK<FwH�BIj�h(TUR8C+F�j�RSK$C*R RSTiR�� RSHsC+B O1R T?FIP�h!R8Y*C*c(Y+bdF�H8DUBIK(RSPO1R0P*FIH�B�hdT?FIO(F�P �$P*D?j�hdTURSj�RSK$C*RLT?B�FIH�B�C+F(>

� 1B<�N *�,-1 .�8;354E,-8 .
45: QB*/:-, 4 Q94��$: , 1 8 QB*�� 3E8 � 4E1 :$<�*
q�K l�R8KdR8Y\F]T �!F�T O(D?P*R8�dF�YMc(K H8B�K$C*Y+B�T�h<BIYMj�B1O1B$PMO1RSP*TUD?VSF�K$C*RSPNP*R�FIPfc �j�R 
$c(R T?FIPrj�RSO(D?H8DUBIK(RSP O1R8T7P*D?PfC*RSj�F H�BIY*Y+RSP*h<BIKdO1RSK�F�T<R0PvC\F�O1B�H�BIj�hdTUR8C*Bd>X cdF�KdO1BkK(B R0PQh!BIP*DUb(T?R�j�RSO(DUYQC+B1O1B R8T�RSPfC+FIO1B �(h!B1O1Y �?F�h!R8KdP+F]Y\P*RLR8K�c1C+D �T?DUV0F]YMc(K RSPfC*D?j�FIO1B�YNR8K
P*R8Y+DUR�H�BIK RST H8B�K$C*Y+B�T�F�O(B�Y0><q�T�P*D?l�c(D?R8K$C*R�F]K<�]T?D?P*D?Pj cdRSPfC*Y\F h!B�Y�
$c(RMRSP*RNRSK � B 
$c(RLK(B�� c(KdH8DUBIKdF]Y �?Fd>X B�KdP*D�O1R8Y+R8j�BIP RST�PfD�PfC*R8jkF�h!R8Y*C*c(Y+bdF�O(B

ẋ = Ax+B1w +B2u
��_(> ��F	�

z = C1x+D12u
��_(> �]b �

y = C2x.
��_(> ��H �

~"c(h!B�KdlIF]j�B$P�
$c(R P*R DUj�h(T?R8j�RSKIC\F c(K�B�bdP*R8Y+E&F�O1BIY�O1R � c(R8K"b!R8Y+l�RSY ��PfRh!B"O(Y ��F��dF�H8R8Ymc(K�F]Kd��TUD�P*D?PQP*DUj�D?T?F�YQhdF]Y\F B]C*Y+B C*D?h<B O1RLR0PvC+DUjkFIO1B�Y �
˙̂x = Ax̂ +B2u− L2C2e, e = x− x̂.

oI�
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�DUlIc(Y\FN_d> `�� e R0Pfh(cdRSPfC+FLO1RSTdPfD�PfC*R8jkFMcdP+F]K<O1BMj�B1O1B$P�O1R0PfT?DUV0F]K$C*R0P D?KIC+R8lIY+F �T?RSP�� H∞
>

� F]Y\F cdK H8B�K$C*Y+B�T7h!B�YQj�B1O1BIPQO(RSP*TUD?VSF�KIC+RSPmD?K$C*R8lIY+F�TUR0PiC*R8KdR8j�BIP

s = B+
2

[

x̂(t)− x̂(t0)−
∫ t

t0

(Ax̂+B2u0)dτ

]

ṡ = B+
2 [Ax̂+B2(u0 + u1)− L2C2e−Ax̂−B2u0]

= B+
2 [B2u1 − L2C2e]

� RST�H�BIKIC+Y*BIT7R 
$c(D?EGF�TURSK$C*R
u1eq = −B+

2 L2C2e.

� B1O1R8j�BIP[B�bdP*R8Y+E&F]Y 
$c(R R8T H�BIKIC+Y*BIT9R 
$c(D?E&F]T?R8K$C*R K(D�P*D 
IcdDURSY+F H8B�K$C*D?R8KdR�T?Fh!R8Y*C*c(Y+bdF�H8DUJIK
w
� �IF 
$c(R �dF[P*D�O1B �dTUC*Y\F�OdFQh<BIY�RSTIR0PvC+DUjkFIO1B�Y0>8q�T"Y+RSP*c(TUC+F�O(BRSP 
$c(RMT�F�h<RSYfC+c(Y*b<F�H�D?J�K P*RNjkF�KIC+DURSK(RMDUK$C\F�HsC\F �(H8B�j�B h!B1O1R8j�B$P H�BIj�hdY*B��bdF�Y9F]T�P*cdPfC*DUC*c(D?Y�RST�H�BIKIC+Y*BIT&R 
$c(D?E&F]T?R8K$C*R RSKLT?FIP7RSH�c<F�H�D?B�KdRSP�O1R�j�B&E"D?j�D?R8K$C+B
ẋ = Ax+B1w +B2u0 −B2B

+
2 L2C2e.

o<=
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s

u y

w

ȳ1

ȳ2

Ty

A∞

R

F∞ Z∞L∞

H∞

�

�

�

�

�����L
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? � �'�L
��


�DUlIc(Y+F�_(> _�� e R�C*Y+BkO1R�P+F]T?D?O(F�P*DUK�H�BIKdO1D�H�D?J�K O1R�F�H8B�h(T�F]j�D?R8K$C*B<>

~"D?j�h(TURSj�R8K$C*R��(RSj�B$P DUK$C+Y*B1O1cdH8D?O(BNRST1R8Y+Y*BIY�O(R R0PvC+DUjkFIH�D?J�K9> 
 K Y+RSP*c(TUC+F�O(BP*DUj�D?T?F�YrPfRQBIb1C*D?R8KdR H�cdF�KdO1B�P*RQc1C*D?TUD?VSF�Kkj�B"O(BIP�O1R0PfT?D?VSF]K$C+RSP�H8B�K"E�RSKdH�D?B�KdF �T?RSPS> q �1D?PfC*RSKAF]T?l�c(K(B$P HSF�P*BIP hdF]Y*C*D�H�cdT?F�Y*R0P[RSK T?BIP 
$c(RkP � P*R�h(c(RSO(R8K
F]h(T?D �H8F�YQT?FIP C*�0H�K(D�H8FIPmh<BIYQj�B1O1B$P O1R0PfT?DUV0F]K$C*R0PmH�cdF�KdO1B P*R C+DURSK(R8K �(KdD?HSF]j�R8K$C*Rj�RSO1D�H�D?B�KdRSP h<F]Y\H�D�F]T?RSPS>dq�K � _�� �!h<BIY RfuvR8j�h(T?B �7PfR R �1h(T?B�Y\F�RSPfC*R hdY*BIb(TURSjkFP*c(h<BIK(D?R8KdO1B 
$c(R
rank(C2B2) = m

� 
$c(R T�FAH�BIKdO1D�H�D?J�K�O1R 3MD?j c(Y\F �ZNF]E"D?P*B�K �U=�, �����rP*R�P*F]C*D�P��.FIH�R�>7q�K
R0PvC\F P*RSHSH�D?J�K P*RkF�P*c(j�R C\F]j b(DU�SK 
$c(R
rank(C2B2) = m

�1h<RSY*BkP*R�PfD?l�c(RMc(K�HSF]j�DUKdB�O(D?PfC*D?K$C*Bd>

 KdF � B�Y+j�F O1R�D?KIC+R8Y+h(Y+R�C+F�Y rank(C2B2) = m

R0P 
$c(R �<P*D�b(D?R8K�K(B RSPh!BIP*DUb(T?Rkj�RSO1D?Y�C+B1O1B�R8TiRSPfC+F�O(B �9R0PLh<B$PfD?b(T?R j�RSO1D?Y�T�F�H�BIj�h!B�KdR8K$C*R FIH�B �h(T�F�O(F
F�TmH8B�K$C*Y+B�T > � F D�O1RSF RSPkO(RSP+H�B�j�h!B�K(RSY�T?F
P+F]T?D?O(F RSK O1B$P�hdF]Y*C*R0P��c(KdF�
$c(R H8B�Y+Y*R0Pfh!B�KdO(R F T�F hdF�YfC+R F�H8B�h(T�F�OdF � B�C*Y\F F T�FwO(RSP+F�H�BIh(T�F�O(Fd>
� F�hdF�YfC+RLF�H�BIh(T�F�O(F�PfRLc<P*F�O1D?Y*R0HsC\F]j�R8K$C*RMRSKgRST9H�BIKIC+Y*BIT?FIO1B�Y h!B�Y j�B1O1BIPO1R0PfT?DUV0F]K$C*R0P��AT�FwO1R0P*FIH�BIh(T?FIO(F�P*R c1C+DUT?D?VSFwH8B�j�BwRSK$C*Y\F�O(F�h<F]Y\F�c(K�H8B�K �C*Y+B�T H∞

> X B�K T�FkP*F�TUD�O(FkO1RST�H8B�K$C*Y+B�T�F�O1BIY H∞
P*R�H8F�T?H8c(T�F�R8T9E&F]T?B�Y O1RLT?FP*c(h<RSY �!H�D?RMO(RSP*TUD?VSF�KIC+R

s
� EIR8Y��dlIc(Y+F�_d> _	�s>


 P+F]KdO(B�T�F C*Y\F]KdP � B�Y+jkF�H8DUJIK K(B�� P*DUKdl�c(T�F]Y
[
v1
v2

]

= Tx, T :=

[

B⊥+
2

(C2B2)
+C2

]

,

H�c#�IF�DUK"EIR8Y\P*F RSPfC+��O(F�OdF h!B�Y
T−1 =

[
(I −B2(C2B2)

+C2)B
⊥
2 B2

]

� KdJ]C*R0PfR�
IcdR
rank(C2B2) = m

DUj�h(T?D?HSF 
$c(R
(C2B2)

+ R �1D�PvC+R � �<R8T PfD�PfC*R �jkF �._(> � ��
$c(R0O(F�R �1h(Y+RSP+F�O1B R8K T�F�� BIY*jkF�Y+R8l�cdT?F�Y
o$`



X BIj b(D?KdF�H8DUJIK O1RLT�F�PQO(BIPQtm�SH8K(D�H8F�P

[
v̇1
v̇2

]

=

[
A11 A12

A21 A22

] [
v1
v2

]

+

[

B⊥+
2 B1w

u+ (C2B2)
+C2B1w

]

y =
[
(I − C2B2(C2B2)

+)C2B
⊥
2 C2B2

]
[
v1
v2

]

.

� F C*Y\F]K<P�� BIY*jkF�H8DUJIK
ȳ = Tyy, Ty :=

[
(C2B2)

⊥+

(C2B2)
+

]

R8KgT�F � A � 
 �
A K(B$PmTUT?R8E&F�F
ȳ =

[
(C2B2)

⊥+

(C2B2)
+

]
[
(I − C2B2(C2B2)

+)C2B
⊥
2 C2B2

]
[
v1
v2

]

=

[
C̄ 0
0 I

][
v1
v2

]

H�BIK
C̄ = (C2B2)

⊥+C2B
⊥
2 .qrPfC+F � B�Y+j�FwR8K�h<F]Y*C*D�H�c(T�F]Y h<RSY*j�DUC*RgcdP*F�Y
v2
H�BIj�BwH�BIKIC+Y*BITiE"D?YfC+cdF]ThdF�Y+F R8T�P*D�PvC+R8jkF�O1RMB�Y\O1R8KgY*R0O1cdH8D?O1B

v̇1 = A11v1 +A12v2 +B⊥+
2 B1w;

��_(>?=S�	�
v2
h(c(R0O1RmB�b1C+R8K(RSY+P*Rrj�RSO(D?F�KIC+Rmc(KdFNPfD?j�h(TUR C+Y+F�KdP�� BIY*jkFIH�D?J�KLR8K�T�F�P�EGF�Y*D�F �b(T?RSP O1RNj�R0O1D�H�D?J�K �

v2 = ȳ2 = (C2B2)
+y

� �"h!B�Y TUB�
$c(R P*J�T?B R0PrK(R0H�R0P*F�Y*D?BRSPfC*D?jkF]Y
v1
>~"c(h!B�K(l$F]j�BIP 
$c(RMT�F�PQH8B�KdO1D�H�D?B�KdRSPQO1RST7C*R8BIY*RSjkF =LP*RLH�c(j�h(T?R8K�H�BIK

B1r ← B⊥+
2 B1 C1r ← I Ar ← A11

B2r ← A12 C2r ← C̄

� B"O(R8j�BIPmR0PvC+DUjkF]Y
v1
H8B�j�B

˙̂v1 = A11v̂1 +A12v2 +B1rŵworst + Z∞L∞(C̄v̂1 − ȳ1),
cdP+F]YmT�F�TUR � O1R�H�BIK$C*Y+B�T7E"DUY*C*cdF�T

v2 = ȳ2 = F∞v̂1,

o$_



����� � � � ��� ��� �$��� � ��� ��� � � ��� ��� � �
����� H∞

� O1R8C*RSY*j�D?KdF]YQT�F�Pfc(h!R8Y �<H8DUR�O1R0PfT?D?VSF]K$C+R���O1DUK<�]j�D?HSF �mH8B�j�B

s =
[
−F∞ I

]
[
v̂1
ȳ2

]

= 0.
��_(>?=�= �

� F]Y\F[O1R8C*R8Y+j�DUK<F]Y T?F O1D?Kd�]j�D�H8F R8K T�FNPfc(h!R8Y �<H8DURmO1RSP*T?DUV0F]K$C*R F]h(T?D?HSF]j�BIPR8T�j��8C*B1O1B O1RST�H�BIKIC+Y*BIT7R 
$c(D?EGF�TURSK$C*R��
ṡ = −F∞

˙̂v1 + ˙̄y2 = −F∞
˙̂v1 + v̇2

= −F∞
˙̂v1 +A21v1 +A22v2 + (C2B2)

+C2B1w + u

ueq = −(A21v1 +A22v2 + (C2B2)
+C2B1w) + F∞

˙̂v1.

� F�O1D?Kd��j�D�H8F�RSKgT�F�Pfcdh<RSY �<H8DURLO1R0PfT?D?VSF]K$C+RNR0P
v̇1 = A11v1 +A12v2 +B⊥+

2 B1w

v̇2 = A21v1 +A22v2 + (C2B2)
+C2B1w + ueq,

RSPQO(RSH�D?Y �
v̇1 = A11v1 +A12F∞v̂1 +B⊥+

2 B1w

v̇2 = F∞
˙̂v1,

O1R O1B�K<O1RgP*R hdc(RSO1RgB�b<PfRSY*E&F]Y�
$c(R T�F h<RSYfC+c(Y*b<F�H�D?J�K�F�H�BIh(T�F�O(F��<F P*D?O(BR8T?D?j�D?KdFIO(F�P*F]C*D�P��.FIHsC*BIY*D�F]j�RSKIC+R�>
� �S� ( � '.-
~"c(h!B�K(l$F]j�BIP 
IcdR�hdF]Y\F�R8T�h<RSKdO1c(b!B]CMO1RSP+H�Y+DUC*BkR8K ��_(> , � �<P*J�T?BkRSPQh!B �P*DUb(T?RMj�RSO1D?Y T�F�PQP*DUlIc(DURSK$C*RSP E&F]Y+D�F]b(T?RSP

y =





1 0 0 0
0 1 1 0
0 0 0 1





︸ ︷︷ ︸

C2

x.

� F C+Y+F�KdP�� BIY*jkFIH�D?J�K






v1,1

v1,2

v1,3

v2







=







0 1 0 0
−0.637 0 0.596 0.491
0.779 0 0.491 0.404

0 0.088 0.088 −0.106







︸ ︷︷ ︸

T

x,

o�o



X BIj b(D?KdF�H8DUJIK O1RLT�F�PQO(BIPQtm�SH8K(D�H8F�P
R �1h(Y+RSP+F�F]T�j�D?P*j�BkPfD�PvC+R8jkF�R8K T�F�� BIY*jkF







v̇1,1

v̇1,2

v̇1,3

v̇2







=







0.491 0.491 0.404 −5.602
1.607 −1.976 −1.627 15.301
0.800 −0.855 −0.704 18.578
−7.950 −5.442 7.401 −9.010













v1,1

v1,2

v1,3

v2







+

+







0 0
0 1.252
0 1.031
1 −1.486







[
δ1 +O2(θ)(u+ δ)
δ2 +O2(θ)(u+ δ)

]

︸ ︷︷ ︸

w

+







0
0
0
1






u

[
ȳ1
ȳ2

]

=





0.596 1 0 0
0.491 0 1 0

0 0 0 1





[
v1
v2

]

.

q�T�P*D?PfC*RSjkFkO1RMB�Y\O1R8KgY*R0O1cdH8D?O1B�R0P

v̇1 =





0.491 0.491 0.404
1.607 −1.976 −1.627
0.800 −0.855 −0.704





︸ ︷︷ ︸

Ar

v1 +





0
1.25
1.03





︸ ︷︷ ︸

B1r

w2 +





−5.60
15.30
18.58





︸ ︷︷ ︸

B2r

v2

ȳ1 =

[
0.596 1 0
0.491 0 1

]

︸ ︷︷ ︸

C2r

v1.

� FIPQH�B�K<O1D?H8DUBIK(RSPQO(R8T7C*RSB�Y+R8jkFg=LPfRLP+F&C*D�P �.F�H�RSKgH8B�K

X∞ =





328 36 68
36 4.4 7.2
68 7 14



 , Y∞ =





1.04 0.42 0.21
0.42 0.48 0.12
0.21 0.12 0.53



 , γ = 22.

q�T RSPfC*D?jkF�O1BIY H∞
h<F]Y\FkR8T PfD�PfC*R8jkF O1R BIY+O(R8K�Y+RSO1cdH8D?O(B RSP �7O1RSP*h(c(�0P O1RF]T?l�cdKdF�P jkF]K(D?h(c(T�F�H8DUBIK(RSP �"E�R8Y ��_(> o	� �

˙̂v1 =





−142 −23 −26
368 38 54
445 48 66



 v̂1 +





8.55 −6.15
1.57 0.93
1.79 1.75



 ȳ1

=





−142 −23 −26
368 38 54
445 48 66





︸ ︷︷ ︸

Âr∞

v̂1 +





−0.68 8.11 6.68
−0.28 1.39 1.14
0.21 1.92 1.58





︸ ︷︷ ︸

−Z∞L∞(C2B2)⊥+

y

o"p



����� � � � ��� ��� �$��� � ��� ��� � � ��� ��� � �
����� H∞

� T�FkPfcdh<RSY �<H8DUR
s = −

[
24 2.71 3.66

]
v̂1 + ȳ2 = 0

= −
[
24 2.71 3.66

]

︸ ︷︷ ︸

F∞

v̂1 +
[
0 0.08 −0.11

]

︸ ︷︷ ︸

(C2B2)+

y = 0.

~"RMh(Y+B�h!B�K(RMc(K�H8B�K$C*Y+B�T
u = ρ(y, v̂1) sign s,

� h<F]Y\F R0PvC+DUjkF]YQT�F�lIF�KdF]KdH8D?F �1cdP+F]j�BIP T�F�� c(KdH�D?J�K�O1R � �IF�h(c(K(B&E V (s) =
s2/2

>
� F�O1RSY*D?E&F�O(F�O1R s H8B�KgY*R0Pfh!RSH�C*BkF]T7C+DURSj�h<BkR0P
ṡ = −F∞

˙̂v1 + v̇2

= −F∞Âr∞v̂1 + F∞Z∞L∞(C2B2)
⊥+y + v̇2

= −F∞Âr∞v̂1 + F∞Z∞L∞(C2B2)
⊥+y +

+A21(v̂1 + ṽ1) +A22(C2B2)
+y − ρ(y, v̂1) sign(s).

O1BIKdO1R
ṽ1 = v1 − v̂1

R0PmR8T�RSY*Y+B�YQO1RLR0PvC+DUjkF�H8DUJIK9>
� F�O1RSY*D?E&F�O(F�O1R V (s)

RSP

V̇ = s




A21ṽ1 + (A21 − F∞Âr∞)

︸ ︷︷ ︸

Λ1

v̂1




 +

+ s




(A22(C2B2)

+ + F∞Z∞L∞(C2B2)
⊥+)

︸ ︷︷ ︸

Λ2

y




− ρ|s|

≤ |s| [‖Λ1‖‖v̂1‖+ ‖Λ2‖‖y‖+ ‖A21ṽ1‖ − ρ] .
� B�YQT?B 
IcdRMP*D

ρ(v̂1, y) > ‖Λ1‖‖v̂1‖+ ‖Λ2‖‖y‖+ ‖A21ṽ1‖
> 860‖v̂‖+ 266‖y‖+ 12‖ṽ1‖R8K$C+B�KdH8RSP�RSTiP*D?PfC*RSjkF F]T�H8F�K(VSF�Y+�gR8T j�B1O1BwO1R0PfT?DUV0F]K$C*R R8KAC+DURSj�h!B �<K(D C+Bd>

� F�l$F]KdF�KdH�D�F c<P*FIO(F RSK T?F�P*DUj c(T?FIH�D?J�K � c(R
ρ(v̂1, y) = 150‖v̂‖+ 80‖y‖+ 20,

oI�



X BIj b(D?KdF�H8DUJIK O1RLT�F�PQO(BIPQtm�SH8K(D�H8F�P
T�F�PQH�BIKdO1D�H�D?B�K(R0P DUK(D�H�D�F]T?RSP

θ1 = θ2 = 0.05, θ̇1 = θ̇2 = 0, v̂1,1 = v̂1,2 = v̂1,3 = 0,

T�F�Pmh!R8Y*C*c(Y+bdF�H8DUBIK(RSP
δ1 = δ2 = 0.1 sin(5t)

� RST�H�BIKIC+Y*BIT�PfRMY+R8l�cdT?F�Y*D?V8J�H�BIj�B
u = −ρ(v̂1, y)

s

|s|+ 0.01
.

� B$PkY+RSP*c(T C\F�O1B$P P*R j c(R0PvC+Y+F�K�R8K
T�F �dl�cdY+FA_d> o<>i~"Rwhdc(RSO1RwE�R8Y 
IcdR T?FY+RSP*h(c(RSPfC+F O1R8T�P*D�PvC+R8jkF P*R�R8KdH8c(R8K$C*Y\F FIH�B�C+F�OdF(>!q�T�H�BIKIC+Y*BIT�hdY*R0PfRSKIC\F cdKh(D�H�B j c
�klIY+F�KdO1R[F�h(Y*B �1D?jkF�O(F�j�RSK$C*R[F TUB$PiO1B$PmPfRSl�c(KdO(BIP ��h!R8Y+B�H8cdF]KdO(BR8T�PfD�PfC*R8jkF P*R F�h(Y+B �"D?jkF�F]T�hdc(K$C*B O(R R 
$c(D?T?DUb(Y+D?B �(RST�H8B�K$C*Y+B�T�C+DURSKdO1R�FkT?Fh!R8Y*C*c(Y+bdF�H8DUJIK FIH�B�hdT?FIO(F(>qrP D?j�h<BIYfC\F]K$C*RLj�RSKdH�D?B�KdF�Y 
$c(R�F]cdK 
$c(R H∞
RSPQcdKdF�C*�0H�K(D�H8F�T?D?K(RSF�T �R8K T?FNh!R8Y*C*c(Y+bdFIH�D?J�K

w
P*RiD?KdH�T?c
�IR8Y+B�K�T?BIP�C*�SY*j�D?K(BIP�K(B�� T?D?K(RSF�TUR0P 
$c(RmY+RSP*c(T �C+F�K O1R�T�F R��1hdF]KdP*D?J�KwRSK P*R8Y+DUR�O1Rkt�F �$T?B�Y0> � FgPfD?j c(T�F�H8DUBIK(RSP �!Y*R0F]T?DUV0F�O(FIPH�BIK R8T9j�B1O1R8T?BkB�Y+D?l�D?KdF]T �.K(B � TUD?K(R0F]T � j c(R0PvC+Y+F�KgT�F�R � R0HsC+DUE"D�O(F�O�O1RLT�F�C*�0H �K(D�H8Fd>

o1�



����� � � � ��� ��� �$��� � ��� ��� � � ��� ��� � �
����� H∞
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0
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�DUlIc(Y\FL_(> o.� e R0Pfhdc(RSPfC+FLO1RST!P*D�PvC+R8jkFMcdP+F]KdO1BLj�B1O1B$PrO1R0PfT?DUV0F]K$C*R0P�H�BIK"E�R8K �H�D?B�K<F]T?RSP � H∞
>

o�,



���������
	��
� �

� � ���������A��� � � � � � � � � ���
� 	 � �
	
� � � � ������� � �

q�KwR0PvC+R�HSF]h �UC*cdTUBgPfR h(T?F�K$C*RSF � B�Y+j�F�TUj�RSKIC+R RST�hdY*BIb(TURSjkF O1R H8B�K$C*Y+B�TO1R0P*H8R8K$C*Y\F]T?DUV0F�O1B �SP*R �dFIH�R c(K bdY*RSE�RiF�Kd�]T?D�PfD�P�O(RiT�F[T?DUC*R8Y\F&C+c(Y\F���P*R F�h(TUD�H8F�KT�F�P C*�0H�K(D�H8FIPkO1RSP+F]Y+Y*BITUT�F�OdF�P�RSK�T?BIP�HSF]h �UC*c(T?BIPkF�K$C*R8Y+D?B�Y+RSP hdF]Y\F Y+RSP*B�T?E�RSYO1D�H��(B�h(Y+B�b(T?R8jkF(>

� ����� ����� �"!$#�%���&('

� B$P PfD�PfC*R8jkFIPkO1R�l�Y\F]K RSP+H8F�T?F h(c(R0O1R8K
Y+R 
$c(RSY*D?Y�R8T c<PfB�O1R H8B�K$C*Y+B�TO1R0P*H8R8K$C*Y\F]T?DUV0F�O1B�H8cdF]K<O1B�F�TUlIc(KdFLB�E&F]Y+D?FIPrO1RNT�F�P PfD?l�c(D?R8K$C+RSP O1D �!H�c(TUC+FIO1RSPB1H�c(Y+Y+R8K �
=�>�qrT!P*D?PfC*RSjkFLPfRQRSKdH�c(RSK$C*Y\FLF]j�h(T?D?F�j�RSK$C*R O1D�PvC+Y*D?b(c(D�O1B�RSK�R8TdR0Pfh<F�H�D?B �h!B�YgT?B 
$c(RwT�FAC+Y+F�KdP � R8Y+R8KdH8D?F�O(R D?K � B�Y+jkF�H8DUJIK
RSPgH�BIPfC*B$P*F � E7> lIYS>P*D�PvC+R8jkF�PQO1RLh!B]C+R8KdH8D?F	��

`1>�T�F�D?j�h(T?R8j�R8K$C+FIH�D?J�K O1R c(KdFLT?R �kO1RNH�BIKIC+Y*BITdH�RSK$C*Y\F]T?DUV0F�O(FMR0PrO1D � �?H8DUT �B DUKdH8TUc<PfB D?j�h<B$PfD?b(T?R O1RSb(D?O(B F�T?F RSPfC*Y+cdHsC+c(Y+FkO(RSP+H�R8K$C+Y+F�TUD?VSFIO(F�O1R8TP*D�PvC+R8jkF � E7> lIYS>(H8B�K$C*Y+B�T�O1RMC+Y+� �<H�BkF��8Y+R8B �kC*RSY*Y+RSPfC*Y+R � 

_(>�T�FMH�BIj�hdTURfuvD?O(FIO RSK RST(F]Kd��TUD�P*D?P ��O1D�PfRS�(B �]O(R8b(D�O(FMF]T"B�Y\O1RSK O1RSTdPfD�PfC*R �jkF �&h(c(RSO(R Y+RSO(cdH�D?Y+P*RiF�T1PfRShdF]Y\F]Y�R8T(P*D?PfC*RSjkF[RSK E&F]Y+D?BIP�Pfc(b<PfD�PvC+R8jkF�P

�.E7> lIYS>1R0PvC+Y*cdH�C*c(Y\F�PHRdR��1DUb(T?RSP[H�B�Kgj c<H��(BIP l�Y\F�O(BIPmO1RLT?DUb!R8Y*C+FIO ��

oI�



� ����� �I��� ���!�
	 � ��� � � ��� � ��� � ��� � � ��� �����I��� � � �
od>�RST�H8Y*DUC*RSY*D?B O1R�O1D�PfRS�(B RSP[Y*BIb(cdPfC*RSV�Y*R0Pfh!RSH�C*B F h<RSYfC+c(Y*b<F�H�D?B�KdRSP R0P��C+Y*c<HsC*cdY+F�TUR0P��SR8KLT�F�P 
$c(RiTUB$P9PfcdbdPfD�PfC*R8jkFIP9PfRiO1RSP+H�BIK(RSH�C+F]K �NE"c(R8T?E�RSKFkH8B�K(R0HsC\F]Ymj�DURSKIC+Y+FIP R8T�P*D?PfC*RSjkF�P*RMR8KdH8c(R8K$C+Y+F�R8K BIh<RSY+FIH�D?J�K9>
q�K C+�8Y+j�DUK(B$PrlIR8K(RSY+F�TUR0P��IR8T!h(Y+B�b(T?R8jkF O(R H�BIK$C*Y+B�T<O(RSP+H�R8K$C+Y+F�TUD?VSFIO1BLRSPR8T O1R R8K<H�B�K$C+Y+F�Y�cdK H�B�K]uvc(K$C*B�O1R H8B�K$C*Y+B�T�F�O1BIY*R0P RSK
TUB$P 
$c(R�T�F
DUK � BIY �jkF�H8DUJIKARSPfC+�wP*c&uvR8C+F F�c(KdF Y*R0PvC+Y*D�H8H8DUJIK �9T�F D?K � B�Y+jkF�H8DUJIK O1D�Pfh!B�K(D?b(T?R RSKH8FIO(FkR0PvC\F�H�D?J�K O1R�H8B�K$C*Y+B�T�RSPNPfJITUB c(K P*c(b7H�B�K]uvc(K$C*B O(R T�F�P E&F]Y+D?F�b(TUR0P[O1RRSPfC+FIO1Bd> � B$PrH�BIK$C*Y+B�T�F�O1BIY*R0P�P*R O(D?P*R8�dF�KkhdF]Y\FLR0PvC\F]b(D?TUD?VSF�Y�c(KgH�B�K]uvc(K$C*B O1RP*c(bdP*D?PfC*RSj�FIPmDUK$C+R8Y\H�B�KdRSHsC\F�O1B$P��$T?BIPQH�c<F]T?RSPQH�BIj�h<BIK(R8KgR8T�P*D�PvC+R8jkF C*B]C\F]T >

� �	T � � 	"#�'-� � # ��� � '-� � ���
	�� V9� W 	 ��� #
X B�KdP*D�O1R8Y+R8j�BIP c(K PfD�PvC+R8jkFgO1RSP+H�RSKIC+Y+F�TUD?VSFIO1B �<TUD?K(R0F]T R D?K"E&F]Y+D?F�KIC+R RSKR8T7C+DURSj�h<B �dH�BIK

ν
R0PvC\F�H�D?B�KdRSPmO1R�H�BIK$C*Y+B�T

ẋi(t) = Aixi(t) +Biui(yi, t) +
ν∑

j=1

Aijxj(t)
�.od>?=SF �

yi(t) = Cixi(t), i = 1, 2, . . . , ν,
� o<>U=Sb �

O1BIKdO1R
xi(t) ∈ R

ni
R0P�R8TmE�R0HsC+B�YkO1RgRSPfC+F�O(B �

yi(t) ∈ R
pi
P*B�K T�F�P�E&F �Y+D?F�b(TUR0PLO1R j�RSO(D?H8DUJIK
�

ui(xi, t) ∈ Rmi
RSP T?F�FIH8H8DUJIK O1R H�B�K$C+Y*BIT�O1RkT?F

i
� �0PfD?jkF�R0PvC\F�H�D?J�K R8KgR8T7C+DURSj�h!B

t ∈ R
>
Ai

�
Bi

�
Ci

PfBIK jkF&C+Y*D�H�R0P O(RMO(D �j�R8KdP*D?J�K F�h(Y+B�h(D�F�O(Fd> ∑ν
j 6=i Aijxj

Y+R8hdY*R0PfRSKIC\F�T�F D?K�RdcdR8KdH8D?F�O1RMT�F�PiB]C*Y\F�PRSPfC+FIH�D?B�K(R0P��7O1BIKdO1R�T?FIP
Aij

P*B�K �7c(K<F EIR8V�jk��P �!jkF]C*Y+D?H8RSPMO1RkO1D?j�RSKdP*DUJIKF]hdY*BIh(D?FIO(F(>rq�K T?B PfcdbdPfR0H�c(RSK$C*R��mH�c<F]KdO1B�F]hdF�Y*RSVSH8F RSTNP*c(b �?KdO1D�H�R
i
� PfRF�P*c(j�R 
$c(RMR8T9RSK$cdKdH�D�F�O1B�R0PmEG��TUD�O1B�hdF�Y+F C*B1O1B

i = 1, 2, . . . , ν
>q�T�B�b(uvR�C*D?E�B RSPmO1D�PfRS�dF]YmH8FIO(F�cdKdF O(R T�F�PiTUR ��R0PiO1RMH�BIK$C*Y+B�T
ui

C+F�T 
$c(RR8T9P*D�PvC+R8jkF � od>?= �mP*RSF�P*R8j�D � lITUBIbdF]T�� FIPfD?K$C*J]C+D?HSF]j�R8K$C+R R0PvC\F]b(T?R�>~"c(h!B�K(RSj�BIP 
$c(RrT?FQD?K � BIY*jkF�H8DUJIKLO1D?P*h!B�K(D?b(T?R�hdF]Y\FmT�F
i
� �0PfD?jkFmRSPfC+F�H8DUJIKO1RLH�BIK$C*Y+B�T�R8KgR8T9C*D?R8j�h<B

t
RSPfC+��Y+R8h(Y+RSP*R8K$C\F�O(F h<BIY

Ii(t) = {yi(ξ), ui(ζ)|ξ ∈ [0, t], ζ ∈ [0, t]}. � o<> ` �
~"R�FIPfc(j�RMC\F]j bdDU�SK 
IcdRLT?F�RSKIC+Y+FIO(F�O1R H8B�K$C*Y+B�T

ui(t)
PfJITUB�h(c(R0O1R HSF]T�H�c �T�F]Y\PfRMF�hdF]Y*C*D?Y O1R

Ii(t)
�dRSPQO1R0H�D?Y �

ui(t) = Fi(Ii(t), t),
�.od> _ �

O1BIKdO1R
Fi(t)

R0PQc(KdF�� c(KdH8DUJIK�O1R
Ii(t)

� O1RST�C*D?R8j�h!B
t
>

p]�



e R0Pfc(TUC+FIO1BIP��rY*RSE$D?BIP
� ��� � � �
��X 	"� # �
� � � V ��! �"� � ��� '�� 	�� � � � � � 	�#

� �G� � VB#$�*X VB# �
Z[R0P*O(R R8T(hdc(K$C*B�O1RQE"D�PvC\F �(D?PfC*JIY*D�H�B �&R8TdO(RSP+F]Y+Y*BITUT?BNO(RQT?FIP C*�0H�K(D�H8FIP hdF �Y\FMR8T7F]Kd��TUD�PfD�P ��R8T!O1D�PfRS�(B O1RNPfD�PvC+R8jkF�PiO1R[H8B�K$C*Y+B�TdO(RSP+H�R8K$C+Y+F�TUD?VSFIO1B�PfD?l�cdRc(K
hdF]C*Y+J�K P*D?j�D?T�F]Y�F]TiO1R8T�H8B�K$C*Y+B�T�H8R8K$C*Y\F]T?DUV0F�O1B<> � Fgh(Y+DUj�R8Y\F h(Y*RSl�c(K$C\F
$c(R P*c(Y*lIR�RSP ���SbdF&uvB�
$c(� H8B�KdO(D?H8DUBIK(RSPMR0PLh<B$PfD?b(T?R RSPfC+F�b(D?TUD?VSF�YLc(K�PfD�PfC*R �jkF O1R0P*H8R8K$C*Y\F]T?D?VSF�O(B	� qrPvC+R�h(Y*BIb(T?R8jkF � c(R�h(T�F]K$C*R0F�O1B � �"HSF�P*D � Y+RSP*c(RST C+BR8K�� `���� >;M[C*Y\Fkh(Y+R8lIc(K$C+F � �?KIC+DUjkF�j�RSK$C*R Y+R8T�F�H8DUBIKdF�OdFkH�B�K�T�F F�K$C*R8Y+D?B�Y R0P �

�0H�cd��KdO1B � �kH�J�j�B � RSPih<B$PfD?b(T?R[F�P*D?l�KdF�YrF]Y+b(DUC*Y\F]Y+D?F�j�RSK$C*RQT?BIP�h!B�T?BIPiO1R[cdKP*D?PfC*RSj�FgO1R�RSPfC+F KdF]C*c(Y\F]T?R8V0F
� � FgY+RSP*h(c(RSPfC+F h(c(R0O1R�R8KdH8B�K$C*Y\F]Y\PfR R8K � � � >q�T1Y+R�C+B h!BIPfC*RSY*D?B�Y�RSP RST"O(D?P*R8�(BMO1Rmc(KdFNT?R ��O1RQH8B�K$C*Y+B�T 
$c(Rmj�D?K(D?j�D?H8RmH8DURSY �C*B � c(KdH�D?B�K<F]T �<R0P[O1R0H�D?Y �!T?F Y*R0PfBITUcdH8DUJIK�O1R8T�h(Y+B�b(T?R8jkF O1R�H�BIKIC+Y*BIT9J�h(C*D?j�BO1R0P*H8R8K$C*Y\F]T?DUV0F�O1B<>&q�K �a`&o'��PfRQhdY*R0PfRSKIC\FMc(KdFLY+R8E"D�PfD?J�KkO1R[T?FMT?D C+R8Y\F&C+c(Y+F 
$c(RF]b<F]Y\H8F T?F F�P*D?l�KdFIH�D?J�K O(R�h!B�T?BIP � h(T�F]K$C*R0FgF�TUlIc(KdFIPNO(RkT?FIPLO1D �!H�c(TUC+FIO1RSPH�T�FGE�R 
$c(RQh(cdRSO1RSK�RSKdH�BIK$C*Y\F]Y\PfRmF]T(j�BIj�RSK$C*B�O1RQY+RSP*B�T?E�RSY�RSTdh(Y+B�bdTURSj�FMO1RB�h(C*D?j�D?VSFIH�D?J�K9>t�F�K$C*BkT�F F�P*DUlIKdF�H8DUJIK O1R h<BITUB$P��dH8B�j�BkR8T�H�BIKIC+Y*BIT�J�h1C+DUj�B O(RSP+H�R8K$C+Y+F �T?DUV0F�O1B�PfRNR8K � B"HSF]K F]T�O1D�PfRS�(B�O1RMc(KgH8B�K$C*Y+B�T 
$c(RLP*F]C*D�P��.F�lIF T?F Y*R0PvC+Y*D�H8H8DUJIKO1RgDUK � B�Y+j�FIH�D?J�K�R0PvC\F]b(T?RSH8D?OdF R8K � o<> ` ��� �.od> _ �s> qrPfC*B Y+RSP*c(R8T?E�R T?FIP O1D � �H�cdT C\F�O1R0Pk= �
` O(R T?F h<�]l�D?KdFgoI� �9h!R8Y+B�K(B�T?FIP�_ � o�
9R0P O1R0H�D?Y �9KdB�K(R �H�R0P*F�Y*D�F]j�RSKIC+R�PfR�Y+RSO1cdH8R T�F H8B�j�h(T?RvuvD�O(F�O�RSKwRST�F�Kd�]T?D?P*D�P � R8T O1D�P*R8�(BgO1R8TP*D?PfC*RSj�F �7K(D PfR�lIF�Y+F�KIC+DUV0FkT�F Y+B�b(c<PvC+R8V RSK hdY*R0PfRSKdH�D�F O1R�h!R8Y*C*c(Y+bdF�H8DUBIK(RSPRSPfC*Y+cdH�C*c(Y\F]T?RSPS>
� F]Y\FkY+RSP*B�T?E�R8YQT�F�P �(TUC*D?j�FIP O(BIP[O(D �<H8c(TUC+F�O(RSP �!P*R�Y+R 
$c(D?R8Y+Rh(T�F]K$C*R0F]Y R8T7h(Y+B�b(T?R8jkF O1RSP+O1R[RST7h(c(K$C*B�O1RNE$D�PfC+F�O1R8T�H�BIK$C*Y+B�T!Y*BIb(cdPfC*Bd>$qrPR8K RSPfC*RLH�BIK$C*R �"C+B R8K O1BIKdO1RMPfRMPfDUC �<F c(K<F O1RMT�F�PmH�BIK$C*Y+DUb(c<H�D?B�K(R0PiO1RNRSPfC*RC*Y\F]b<F&uvBd>
� 8 � .D<�8 � 453E4E6B8 Q24 �$: , 1 � 4E.D<�1	� 8�. , 1 M */:$<�N */3
O 19.:QB12:$<�N 8;3547698�,-*
q�K�TUB 
$c(R�P*DUlIc(R���P*R h(Y*R0PfRSK$C+F b(Y*RSE�RSj�RSK$C*RgR8TQY+RSP*c(T C\F�O1B B�b(C*R8KdD?O1BR8K��a`]��� �9H�BIKdH�RSY*KdDURSKIC+RkF T�F h!BIP*DUb(D?T?D?O(FIO O(RkRSPfC+F]bdDUT?DUV0F]YMc(KAP*D?PfC*RSj�Fgh!B�Yj�RSO1D?B O(R c(K H�B�K$C+Y*BIT�O1RSP+H�RSK$C*Y\F]T?DUV0F�O1B<>dq�K �a`]� � P*R O(RSP+H�Y+DUb!R F�T�P*D?PfC*RSjkFH�BIj�B

ẋ(t) = Ax(t) +

ν∑

i=1

Biui(t)
�.od> oIF �

yi(t) = Cix(t).
�.od> o�b �
p(=



� ����� �I��� ���!�
	 � ��� � � ��� � ��� � ��� � � ��� �����I��� � � �
Z D?H��(BLP*D?PfC*RSjkF R0P jk��P�l�RSK(R8Y\F]T 
$c(RmR8T(Y+R8hdY*R0PfRSKIC\F�O1B h<BIY � od>?= � � �IF 
$c(RmR8TO1BIj�D?K(D?BNO(R T�F�P�jkF&C+Y*D�H�R0P

Ci

K(BNK(R0H�RSP+F]Y+D�F]j�R8K$C*R�C*D?R8K(R 
$c(RQH�BIDUKdH8D?O(DUY H�BIKR8T(H8B � O1B�j�D?K(D?BNO1RQT�F�P�jkF&C+Y*D�H�R0P
Bi

> X F]b!Rmj�R8KdH8DUBIKdF]Y 
$c(R��]F�c(K 
$c(RmR8T<PfD�P��C*RSjkF � o<>U= � R0PicdK h<B1H8B jk��PiY+RSPfC*Y+D?H�C*D?E�B �IY*RSh(Y+RSP*R8K$C+FMc(K<F lIY+F�K H8F]K$C+D?O(FIOO1RMh(Y+B�b(T?R8jkFIP�� �?P*D?H8BIPS>Z FIO1B 
IcdRiRST(PfD�PvC+R8jkF R0P�TUD?K(RSF�T"RiD?K"EGF�Y*D�F]K$C+RrR8K R8T"C+DURSj�h!B �GT�F[hdY*D?j�R8Y\FC*RSK$C+F&C+DUE&FLR0P�h(Y+B�h!B�KdR8Y�c(K H8B�K$C*Y+B�T�F�O(B�Y T?DUK(R0F]T<R DUK"E&F]Y+D�F]K$C*RQRSKkR8T<C*D?R8j�h<B

żi(t) = Sizi + Riyi(t)
�.od>ap]F �

ui(t) = Qizi +Kiyi(t) + vi(t),
�.od>ap&b �

O1BIKdO1R
zi(t) ∈ Rni

R0P[RST�R0PvC\F�O1BgO1R8T
i
� �0PfD?j�B H�BIK$C*Y+B�T�F�O1BIY �

vi(t) ∈ RmiRSP T�F
i
� �0PfD?jkF RSKIC+Y+FIO(FkR��$C+R8Y+KdF T?B1H8F�T ���

Si

�
Ri

�
Qi

�
Ki

PfBIK jkF&C*Y+D�H�RSPY+RSF]T?RSP �]H�BIKdPfC+F]K$C+RSP � O(RQC+F�j�F��(BLF]h(Y+B�hdD?FIO1Bd> � FMY+R8hdY*R0PfRSKIC\F�H8DUJIK � o<> p ��RSPbdFIPvC\F]K$C*RNF]j�h(T?D?F �ID?KdH�T?c
�IRNH8cdF]T 
$c(DURSYiH8B�K$C*Y+B�T�F�O1BIY�T?DUK(R0F]T7RNDUK"E&F]Y+D?F�K$C*R RSKR8TdC*D?R8j�h!B �$RSPfC+�&C+D?H8B�B�O1D?Kd�]j�D�H�B<> � F�RSH�c<F�H�D?J�K �.od>ap�� hdc(RSO1R[RSP+H�Y+DUb(D?Y\PfR O1RjkF]K(RSY+F jk��PQH8B�j�hdF�H�C+F�H�BIj�B
ż(t) = Sz(t) +Ry(t)

�.od> ��F	�
u(t) = Qz(t) +Ky(t) + v(t)

�.od> �]b �
O1BIKdO1R

S , diag(S1, . . . , Sν), R , diag(R1, . . . , Rν)

Q , diag(Q1, . . . , Qν), K , diag(K1, . . . ,Kν)

z(t) , col(z1, . . . , zν), y(t) , col(y1, . . . , yν)

u(t) , col(u1, . . . , uν), z(t) , col(z1, · · · , zν).X cdF�KdO1BgT?F TUR �wO1R�H�BIKIC+Y*BIT � od> � � P*R�F�h(TUD�H8FgF]T�P*D�PvC+R8jkF��.od> o	� �!Y+RSP*c(TUC+F R8TP*DUlIc(DURSK$C*RLPfD�PfC*R8jkF�R8K T�F]VSB�H8R8Y+Y+FIO1B
[
ẋ(t)
ż(t)

]

=

[
A+BKC BQ

RC S

] [
x(t)
z(t)

]

+

[
B
0

]

v(t)
�.od> � �

O1BIKdO1R
B =

[
B1 · · · Bν

] �
C =






C1>>>
Cν




 .

� od> , �

� B�
$c(RkP*R�bdcdP*HSFgR8K$C*BIKdH�R0PNP*B�K
H�BIKdO1D�H�D?B�K(R0PNhdF]Y\F 
$c(R�c(KAH8B�K$C*Y+B�T�F�O1BIYO1RMT�F�� B�Y+j�F � o<> p � RSPfC+F�b(DUT?D�H�RLF]T9P*D?PfC*RSjkF �.od> o	��>
p�`



e R0Pfc(TUC+FIO1BIP��rY*RSE$D?BIP
{g��� ���.����;<� x � � -<'��.��- ( �.- � �0- 	 � L ����
 ��� H F � F � A�C5F H � A {C,A,B} ∈
Rp×n × Rn×n × Rn×m � � L � � L � >@L � 
���� CGL � �
F F � C5F H L � m1, · · · ,mν �
p1, · · · , pν � >@L � m =

∑ν
i=1 mi � p =

∑ν
i=1 pi

� � F �
F�� � F � A � ��
 � C5F �
� A � ��� ��� � � F@A K F � >@L � 
���� CGL �
F CGL � A � � A � � ADCEH 
 >@F � � F � � L � � F � � 
 A � L �
� A � F � �

K = {K|K = diag(K1, . . . ,Kν), Ki ∈ R
mi×pi} � od> � �

� � ��� 0 
 � L >@L � ��� � 
 
 
 � LDH �
F � >@L ��
���� C5L � F �BL � 
 � L � 
 L � > A�H A
> CGFIH � � C 
 > L �
�
F (A+BKC) � �BA�H A CGL��
A K ∈ K � � F �
F � L � 
 � A F � h<BITUD?K(B�j�D?B��]uvB �
F
� A C5F H � A {C,A,B} >@L � H F � �9F > CGL A K � �
F � L�C5A � L �9LDH ψ(λ;C,A,B,K) �F � � F@> 
 H �

ψ(λ;C,A,B,K) = mcd
K∈K
{det(λI −A−BKC)}

~"D�P*RLPfD?j�h(TUD �<HSF�T?F�T?R � O1R�H8B�K$C*Y+B�T �.od>ap��mF�c(KdF�O1RLT�F�� B�Y+j�F
u(t) = Ky(t)

� o<>U=0� �
O1BIKdO1R

K
C*D?R8K(RkT�F � B�Y+j�FgO1R0P*H8Y*DUC+FgR8K � o<> �	� ��T�F jkF&C*Y+D?V�O1RSTrP*D?PfC*RSj�FgRSKT�F]V8B H�R8Y+Y\F�O1B�R0P

A + BKC
> X B�j�B RSTih!B�T?D?K(B�j�D?B �]uvB RSP�H�B�j��(KAhdF�Y+FC*B1O(FIPLT�F�P

K ∈ K ��K(B�DUj�h!B�Y*C+F�
$c(R
K
P*Rkc1C*D?T?D?H8R���T�F�P�Y+F��?H8RSPLO1R O(D?H��(Bh!B�T?DUK(BIj�DUB�P*DURSj�hdY*R�RSPfC+F�Y+��Kwh(Y+RSP*R8K$C+RSPS>!qiPvC\F D?O1R0F PfR�� B�Y+jkF]T?DUV0F H8B�K T?FP*DUlIc(DURSK$C*RLO1R �<K(D?H8DUJIK9>

{g��� ���.����;<� � �vy -9��-!/ � �0-!/ 	 � A�H A ��� A C5F H � A {C,A,B} ∈ Rp×n ×
Rn×n×Rn×m � ��� >@L � 
���� CGL K �
F � A�C7H 
 >@F � �
F � � L � � F � � 
 A � L � A � F � �
F �
� � 
 �
A � F � � A F@> � A > 
�� � � � ��� � � F � >@L ��
���� CGL �
F j�B1O1BIP �]uvBIP �
F {C,A,B}>@L � H F � �9F > CGL A K � F �
F�� � F �
F � A ��
�� ��
 F � CGF / L�H � A �

Λ(C,A,B,K) =
⋂

K∈K

σ[A +BKC]

�
L � � F σ[A+BKC] F � F � >@L ��
���� C5L � F 
 A � LDH F � > A�H A
> CGFIH � � C 
 > L � � F (A+
BKC)

� � F � A � F H A F�� ��
 
DA � F � C5F � Λ(C,A,B,K) �
� F �
F � F�� ��
 H � F �
F � A

��
�� ��
 F � CGF / LDH � A��
Λ(C,A,B,K) = {λ|λ ∈ C, ψ(λ;C,A,B,K) = 0}

� B$P�j�B1O1B$P �]uvBIP P*B�K R8K$C*BIKdH�R0P��&F�
$c(RSTUT?BIP 
$c(RmK(BMh(c(R0O1R8K�j�B1O1D �!H8F]Y\P*Rh!B�YQj�RSO1D?BkO1RLT�F T?R �gO1RLH�BIKIC+Y*BIT � od>?=S�	�s>
p�_
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	 � ��� � � ��� � ��� � ��� � � ��� �����I��� � � �
� �$-<#&� (�% � � L ��� 
 � �IH F � F F � ��
 � C5F � A {C,A,B} � F � > H 
 C5L �BL�H � � � � � �>@L � B � C � F�� ��
 �
L � F � � ����� � � � F@A K F � >@L ��
���� CGL�� F � A�C7H 
 >@F � � F
� � L � � F � � 
 A � L � A � F � � F�� ��
 � L F � � � ��� � ��� � A > L � � 
 > 
�� � � F@> F � ADH 
 A � ������-> 
 F � CGF �9ADH A � A�F10 
 � CGF � > 
 A �
F ��� >@L � 
���� CGL �
F � F � F � � F >@L � C7H L � � ����� �
CGA � � � F F ��� 
 � CGF � A0F ��� A 	 L >@FIH H A �
L � � ��� � � F@A0A � 
 � C � C 
 >@A � F � CGF F � CGA � � F
F � � � F

Λ(C,A,B,K) ⊂ C
−

�
L � � F
C− F � F �	� F � 
�� � � A � L 

	 � ��
 F H �
L >@L � � � F 
 L A � 
 FIH CGL

� F h(Y*cdR8bdF O1R R0PvC+R C*RSB�Y+R8jkF�h(cdRSO1R R8KdH8B�K$C*Y\F]Y\PfRkRSK �a`]��� ��FIP �mH�BIj�B R8Th(Y+B1H�RSO(DUj�D?R8K$C*B�hdF�Y+F�H8F�T?H8c(T?F�YmTUB$Pmj�B1O1B$P��]uvBIPS>

 KdF jkF]K(RSY+F O1R D?K$C*RSY*h(Y+R�C\F]YNRSPfC*R C*R8BIY*RSjkF RSP �!TUB$P[j�B1O1BIP �]uvB$P 
$c(RK(B h(c(R0O1R8K R8T?DUj�D?KdF]Y\PfR h<BIY j�R0O1D?B�O1R � o<>U=0� � �iK(B h(c(R0O1R8K R8T?DUj�D?KdF]Y\P*RC+F�j�h<B1H�BkF C*Y\FGE��0PmO1R � o<> p �s>q�K T?BIPiPfD�PvC+R8jkF�PrO1R[H�BIK$C*Y+B�TdO1R0P*H8R8K$C*Y\F]T?D?VSF�O(B �<F � c(K<FLH8F]Y\F�H�C*RSY ��PvC+D?HSFD?KIC+R8Y+RSP+F]K$C*R 
$c(RLE&F�H�B�K$C+Y+F T?F�D?K$C*c(D�H�D?J�K�>d~"D9c(K�P*D?PfC*RSj�F�O1R�H8B�K$C*Y+B�T�H8R8K �C*Y\F]T?D?VSF�O(B �(T?DUKdRSF]T�R�D?K"EGF�Y*D�F]K$C+R�R8K RST�C+DURSj�h<B K(B h(c(R0O1R P*R8Y RSPfC+F�b(DUT?D?VSF�O(Bh!B�Y cdKdF T?R �AO1RgH�B�K$C+Y*BITrT?DUK(R0F]T R D?K"EGF�Y*D�F]K$C+RkR8K�RSTiC+DURSj�h<B � RSPfC+�]C*D�H8F�BO1D?Kd�]j�D�H8F	� �1R8K$C+B�KdH8RSP K(B�h(c(R0O1RLRSPfC+F�b(DUT?D?VSF]Y\P*R[h!B�YQK(D?K(l�cdKdF�B]C*Y\F(>"q�K2�?= �P*R j cdRSPfC*Y\F 
$c(R RSK RSTmHSF�P*BwO1RSTmH8B�K$C*Y+B�T O1RSP+H�RSK$C*Y\F]T?DUV0F�O1B �<F � F�TUlIc(K(BIPj�B1O1BIP � �]uvB$P �	
$c(R[P �<h(cdRSO1RSK R8T?DUj�D?KdF]Y\P*R PfD7PfR[c1C*D?TUD?VSF�c(KdF�T?R ��O1R[H8B�K$C*Y+B�TT?DUK(R0F]T�h!R8Y+B�EGF�Y*D�F]K$C+RNRSK RST�C*D?R8j�h!B � h!R8Y+DUJ1O1D�H8F	�s>~"DQR �1D�PvC+R8K�j�B1O1B$P��]uvBIP 
$c(R K(B h(c(RSO(R8K RSTUD?j�DUK<F]Y\PfRgh<BIY�j�R0O1D?B O1Rc(KdF T?R �kO1RLH�BIKIC+Y*BITdD?K"EGF�Y*D�F]K$C+R[R8K R8T!C*D?R8j�h!B h!R8Y+B�P �7h(c(R0O1R8K R8T?DUj�D?KdF]Y\P*Rh!B�Y j�R0O1DUB O1R c(KdF EGF�Y*D�F]K$C+R R8KARST�C*D?R8j�h!B ��h<B1O1Y ��F]j�BIPLhdY*RSl�c(K$C+F�Y*KdBIP �

�SR �1D�PvC+DUY\�]K�j�B1O1B$P���uvBIP 
$c(R KdB h(cdRSO(F�K R8T?D?j�D?KdF�Y+P*R h!B�Y�j�RSO1D?B
O1R cdKH�BIK$C*Y+B�T�h<RSY*D?J1O1D?H8B h!R8Y+B P � h!B�YMj�RSO1D?B�O1R�B]C*Y\F T?R � �9O1D?lIF]j�B$P[K(B�� T?D?K(RSF�T �q�K �U=G`��(PfR h(T�F]K$C*R0F R0PvC\F[h(Y+R8lIc(K$C+F�
 �LT�F[Y+RSP*h(c(R0PvC\F R0P �fK(B 	��0RSP O1R0H�D?Y �&P*D$cdKP*D?PfC*RSj�FNO1R0P*H8R8K$C*Y\F]T?DUV0F�O1B[K(B hdc(RSO1RmR0PvC\F]b(D?TUD?VSF�Y+P*RiH8B�K c(KdF TUR ��h<RSY*D?J1O1D�H8F �R8K$C+B�KdH8RSP�KdB�h(c(R0O1R[R0PvC\F]b(D?TUD?VSF�Y+P*R H�BIKkK(D?K(l�c(K<F�B]C+Y+F � �IF PfR0FLTUD?K(R0F]TdB K(B �T?DUK(R0F]T �1E&F]Y+D?F�KIC+RMB�D?K"E&F]Y+D?F�KIC+R RSK R8T7C*D?R8j�h!Bd>
M */:$<�N */3 � �-<
4 ��*

� F]Y\F Y*R0PfBITUEIR8YMR8Tih(Y*BIb(T?R8jkF�O1R H8B�K$C*Y+B�T�O1R0P*H8R8K$C*Y\F]T?D?VSF�O(BgJIh1C*D?j�B PfR
�dF�K Y+RSF]T?D?VSF�O(B E&F]Y+D?FIPrhdY*BIh(c(RSPfC+FIP8>$q�K��U=0_�� �1h<BIY RfuvR8j�h(T?B �1P*RMFIPfcdj�RNh(Y+D �j�R8Y+B�
$c(RLKdB��<F �kDUK$C*RSY+H8B�K(R��1DUBIK(RSP R8K$C+Y*RMT?BIPmPfcdbdPfD�PfC*R8jkFIP��1R0PvC\F�P*c(h!BIP*D �H�D?J�K lIF�Y+F�KIC+DUV0F�
$c(RNR8T9H�BIK$C*Y+B�T!J�h1C+DUj�B�RSPmO1D�F]l�BIKdF]T >"Z[R0Pfh(cd�SPmPfRMH8F�T?H8c(T�FR8T�RSY*Y+B�YQO1RSb(D�O1BkF�T?F�D?KIC+R8Y\H�BIK(R �1D?J�K O(RLTUB$PQPfc(b<PfD�PvC+R8jkF�PS>
p&o



e R0Pfc(TUC+FIO1BIP��rY*RSE$D?BIP
q�K �U=Gp�� PfR H8F�Y+FIHsC*RSY*D?VSF ��F hdF]Y*C*D?Y�O(R T�F�� BIY*jkFwO(RgT�F�P jkF&C+Y*D�H�R0P O1RD?KIC+R8Y\H�BIK(R �1D?J�K

Aij

�ScdKdF H�T�F�P*R�O1R PfD�PvC+R8jkF�P � od>?= ��hdF]Y\FmTUB$P�H8cdF]T?RSP�RST �?KdO1D�H�RO1RLO1R0PfRSj�h!R8�dB
J =

∫ ∞

0

(xTQx+ uTRu)dt, x , col(x1, . . . , xν)

h(c(R0O1RLj�DUKdDUj�D?VSF]Y\P*R cdP+F]K<O1B�c(KdF�TUR � O1R�H8B�K$C*Y+B�T�O1D�F]lIB�KdF�T
u = Kx, K = diag(K1, . . . ,Kν).

q�K �?=8o'�7O1D�H��dFLH�T�F�P*RQPfR O1R��dK(R RSK�C*�SY*j�D?K(BIP O1R[j�B1O1B$P �]uvB$P8> X BIj�BLRvuvR8j��h(T?BwO1R F�h(T?D?HSF�H�D?J�K
C+R8K(RSj�BIP �a`]�'� ��R8K O1BIKdO1R P*R F�h(TUD�H8F c(K�H�BIKIC+Y*BITrO1R0P��H�RSK$C*Y\F]T?DUV0F�O1B�J�h(C*D?j�B hdF]Y\FkT�FkRSPfC+F�b(DUT?D?VSF�H8DUJIK�O1R�c(K R0O1D �<H�D?Bd><q�K��a`�p�� PfRF]hdTUD�H8F R8T�h(Y*D?KdH8DUh(D?Bgj�� �1DUj�B O(R � B�K$C*Y �IF�l�D?K � PfR R �1h(Y+RSP+F]K�T�F�P Y*R0PvC+Y*D�H �H�D?B�KdRSPQO1RMD?K � B�Y+jkF�H�D?J�K H�BIj�B R0H�cdFIH�D?B�K(R0PQO1D � RSY*RSKdH�D�F]T?RSP
∂ui(xi, t)

∂xī
= 0,

O1BIKdO1R
xī R0PmR8T9R0PvC\F�O1BkH8B�j�h(T?R�C*BkO1RST9PfD�PfC*R8jkF �1h<RSY*B�R �(H8TUc
�IR8KdO(B xi

xī = col(x1, . . . , xν , \xi).

M */:$<�N */3PN * � �(.D<�*
Z[R0P*O(R�T�F h<RSY+P*h<R0HsC+DUE&FgO1R8T H�BIK$C*Y+B�T�Y*BIb(cdPfC*B �7RST�C+�8Y+j�DUK(B O1R�DUK$C+R8Y\H�B �K(R��"D?J�K

ν∑

i=1

Aijxj

R8K � o<>U=0F �ih(c(R0O1RLE�RSY+P*RMH�B�j�B�c(KdF�h!R8Y*C*c(Y+bdFIH�D?J�K
φi(x)

�dR0PQO1RSH8DUY
ẋi = Aixi +Biui + φi(x)

φi(x) =

ν∑

i=1

Aijxj = Aix, Ai =
[
Ai1 · · · Aiν

]
.

�.od>?=�= �
X B�K RSPfC+FgH�BIKdP*D?O1RSY+FIH�D?J�K RSK
j�RSK$C*R���RST h(Y+B�b(T?R8jkFgO1RkRSPfC+F�b(DUT?D?VSF]YNR8TiPfD�P��C*RSjkF �.od>?= �rh(c(RSO(R h(T�F]K$C+RSF]Y\P*R[H�BIj�B�R8T7h(Y+B�bdTURSj�F O1RNR8KdH8B�K$C*Y\F]Yic(KgH8B�K �uvc(K$C*BkO1RLT?R �IRSPQO1R�H8B�K$C*Y+B�T

ui

�(h<F]Y\F T?BIPQP*c(bdP*D?PfC*RSjkF�PmK(BIj�D?KdF�TUR0P
ẋi(t) = Aixi(t) +Biui(yi, t)

yi(t) = Cixi(t),

pIp
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	 � ��� � � ��� � ��� � ��� � � ��� �����I��� � � �
C+F�T 
$c(R T?FIP�h!R8Y*C*c(Y+bdF�H8DUBIK(RSP

φi(x)
KdB F � RSH�C*RSK T?F�RSPfC+F]bdDUT?D?OdF�O O1R[TUB$PrP*c(b �P*D?PfC*RSj�FIP8>X B�j�BLPfR E"DUBMRSK T?BIP H8F�h �UC*c(T?BIP F�KIC+R8Y+DUBIY*R0P��0R8T(H8B�K$C*Y+B�T"h!B�Y j�B1O1BIP O1R0P��T?DUV0F]K$C*R0P RSP cdKdFMC*�0H�K(D�H8FMY+B�bdcdPvC\F ��HSF]hdF�VQO1R R8T?D?j�D?KdF�Y�T?FIP h!R8Y*C*c(Y+bdF�H8DUBIK(RSPO1R C+DUh!B F�H8B�h(T�F�O(Bd> q�K��a`]_ �m`1= � ��h!B�Y RfuvR8j�h(T?B �iP*R�c1C+DUT?DUV0F]K�T?BIPkj�B1O1BIPO1R0PfT?DUV0F]K$C*R0P hdF�Y+F R8T?DUj�D?KdF]Y R8T R � R0HsC*BgO1R T�F�P[DUK$C+R8Y\H�B�KdR �1DUBIK(RSP 
dRSK �?=S� ��p��P*R H�B�j b(D?KdF]K�T�F�P j�B1O1BIPrO1RSP*TUD?VSF�K$C*RSPrH�B�K�C+�SH8K(D?HSF�P�O(R[H�BIKIC+Y*BIT(F�O(F�h1C+F�b(T?RhdF�Y+F�T?T?R8E&F]Y�FwHSF]b!BwR8T j�D?P*j�Bwh(Y+B�h!JIP*DUC*Bd> �[F �AO1B$P h(Y+B�bdTURSj�FIP � c(K<O(F �j�R8K$C+F�TUR0PMR8KAT�F�PMY+R � RSY*RSKdH�D�F�P 
$c(R FIH8F]b<F]K
O1Rkj�R8KdH8DUBIKdF]Y\PfR 
�R8T�hdY*D?j�R8Y+BRSP�
$c(R PfR F�P*c(j�R 
$c(RkT?FIP�D?K$C*R8Y\H�BIK(R �1D?B�K(R0PLP*F]C*D�P��.FIH�RSK T�F H8B�KdO1D�H�D?J�KAO1RF�H8B�h(T�F]j�D?R8K$C*B �7TUB H8cdF]T Y+RSP*c(TUC+Fgj c
� Y*R0PvC+Y*D�HsC+DUEIB�
7R8TiPfRSl�c(KdO(BgR0P�
$c(RkPfRF�P*c(j�R 
$c(R�PfRLO1D�P*h<BIK(R�O1RMC*B1O1B�RST9RSPfC+FIO1B��

yi = xi

�s>dq�K�� _d= ��P �9PfR�H8B�K �P*D?O1RSY+F�K DUK$C*RSY+H8B�K(R��1DUBIK(RSPmO1RLC+DUh!B O1R0P*FIH�BIh(T?FIO1B �gP*R�H�BIKdP*D?O1RSY+F C\F]j bdDU�SKT�F Y+R�C+Y*B�� F�TUD?j�R8K$C+FIH�D?J�K�O1R�T?FgP*F�TUD�O(F �
yi = Cixi

��
�T�F O(RSP*E�R8K$C\F&ufFkR0P 
$c(RP*R�F�P*c(j�RMO(R�F]K$C*RSj�F�K(B 
$c(RLT?F�H8B�j�h<BIK(R8K$C+R�F�H�BIh(T�F�O(F�O1R8T�RSPfC+F�O(B�hdc(R �O1R�RSPfC+F�b(DUT?D?VSF]Y\P*R h!B�YMj�RSO1D?B�O1R cdKdF Y+R�C+Y*B�� F�TUD?j�R8K$C+FIH�D?J�K�R0PvC\�&C*D�H8FgO1R�T?FP+F]T?D?O(Fd>

� ���
� U �-'(��V9��WPX %��"&('
X B�K T�F�P[C*�0H�K(D�H8FIP O(RSP+F]Y+Y*BITUT�F�O(FIPmR8K TUB$P HSF]h �UC*c(T?BIPNF]K$C+R8Y+DUBIY*R0P��(R0P[Y+R �T�F&C*D?E&F]j�R8K$C+R��.�IH�D?T�RSPfC+F�b(T?RSH�RSY�H�BIKdO1D�H�D?B�K(R0PLO1RkPfc �!H�D?R8KdH8D?F hdF�Y+F T�F Y*R0PfB��T?cdH�D?J�K�O1R8T[h(Y*BIb(T?R8jkF
O1R H�BIKIC+Y*BITQO1RSP+H�RSKIC+Y+F�TUD?VSFIO1Bd> X BIK�R0P*FIP�C*�SH8K(D�H8F�Ph!B"O(R8j�BIP�R8T?D?j�D?KdF�Y T�Fwh<F]Y*C*R FIH�BIh(T?FIO(FwO(R T�FwD?K$C*RSY+H8B�K(R��"D?J�K 
�h!B"O(R8j�BIPC*Y\F&C\F]Y T�FAhdF�YfC+R�K(B FIH�B�hdT?FIO(F���RSK F]T?l�c(KdBIP HSF�P*BIPkR0PvC+DUjkF]Y R8T RSPfC+F�O(BH�c<F]KdO1B K(B�R0PMh<B$PfD?b(T?Rkj�RSO1D?Y*T?B R8KAP*c C+B]C\F]T?D?O(FIO�>/M[C*Y\FgE�RSKIC\F&ufFgRSP 
$c(RH�BIK$C+F]j�B$P�H�BIKkc(KdF � cdKdH�D?J�K HSF]KdO(D?O(F]C+F�O(R � �$F]h(cdK(B&E hdF�Y+FLHSF�O(F Pfc(b<PfD�P��C*RSjkF(>
� F]Y\F�lIF]Y\F]K$C+DUV0F]YmT?F�R0PvC\F]b(D?T?D?O(FIO�O1R8T�PfD�PfC*R8jkF�D?K$C*R8Y\H�BIK(RSH�C+FIO1B �1h!B1O1R �j�BIP�O1R �<K(DUY�c(KdF[K"c(R8E&F � cdKdH�D?J�K HSF]KdO(D?O(F]C+F O1R � �IF]hdc(K(B&E7> X BIj�B[R8K&�?=G��� �h(T�F]K$C*R0F]j�BIP�O1D�H��dF � c(K<H�D?J�K H8B�j�B T�F[P*c(jkF[O1R T?FIP�� c(K<H�D?B�K(R0P�O(RiH8FIO(F P*c(b �P*D?PfC*RSj�F

V =
ν∑

i=1

Vi(xi).
�.od>?=0` �

q�T�P*D�PvC+R8jkF�DUK$C*RSY+H8B�K(R0HsC\F�O1B�RSPQFIPfD?K$C*J]C+D?HSF]j�R8K$C+RNR0PvC\F]b(T?RLPfD
V̇ < 0 ∀ x 6= 0.

p]�



X BIKIC+Y*D?b(cdH8DUJIK
� 1B<�N *�,-1 19.D<�8�, * QB*/: QB*/:-, 4 Q94��$: , 1 8 QB* � 3E8 � 4E12:$<�*
X cdF]K<O1BLTUB$P�C*�SY*j�D?K(BIP O1RQD?K$C*RSY+H8B�K(R��"D?J�K � o<>U=I= ��H�c(j�h(T?R8K H8B�K�T?FLH8B�K �O1D�H�D?J�K O1R�F�H8B�h(T�F]j�D?R8K$C*B

φi(x) = Biδi(x)

� P*RLh(c(R0O1RMj�R0O1D?YQC*B1O1B�R8T�RSPfC+F�O(B
Ci = I,

R8T O(D?P*R8�(B
O1R c(KdF T?R � O1R0P*H8R8K$C*Y\F]T?D?VSF�OdF�RSPkP*DUj�h(T?R���P*J�T?B P*R Y*R 
$c(DURSY*R T?FH�BIK$C*Y+B�T�F]b(D?TUD�O(FIO O1R {Ai, Bi}
> X B�j�B�R8K�R8T�H8F]h � C+c(TUBk_ �(cdP+F]j�BIPmc(K H8B�K �C*Y+B�T7h!B�Y j�B"O(BIPmO1RSP*T?DUV0F]K$C*R0PiD?K$C*RSl�Y\F]T?RSPS> � B$PmH�B�K$C+Y*BITUR0PiO1D�P+H�B�K$C+DUK"c(B$P ui1R8T?D?j�D?KdF�K H�BIj�h(TUR8C+F�j�RSK$C*R R8T1R � R0HsC+BMO(RiT�F�P�D?KIC+R8Y\H�BIK(R �1D?B�K(R0P

Biδi(x)
> � BIPH�BIK$C*Y+B�T?RSPNH�B�K$C+DUK"c(B$P

ui0
h(c(RSO(R8KAO1D�PfRS�dF]Y\PfR�O1R�C+F�T � B�Y+jkF 
$c(RkT?BIPMP*c(b �P*D?PfC*RSj�FIPmPfR0F]K F�P*DUK$C*J�C*D�H8F�j�RSK$C*RNRSPfC+F]bdTUR0P�
1cdP+F]K<O1B�c(KgH8B�K$C*Y+B�T � � e h!B�YRvuvRSj�h(TUB<>m~1D T?BIP RSPfC+F�O(BIP
xi

H8B�K"E�RSY*lIR8K�F�P*DUK$C+J]C*D�H8F�j�R8K$C*RwF�T[h(cdKIC+B�O1RR 
$c(D?T?DUb(Y+D?B �dRSK$C*B�K<H�RSP[R8T�RSPfC+FIO1B H�BIj�h(TUR8C*B
x = col(x1, . . . , xν)

C\F]j bdDU�SKH�BIK"E�R8Y+l�RSY+� F�P*DUK$C*J�C*D�H8F�j�RSK$C*RMF]T�h(c(K$C+B O1RLR 
$c(D?TUD?b(Y+DUB<>
� �S� ( � '.-
X B�j�B�PfD�PfC*R8jkF K(BIj�DUKdF�T �9H8B�KdP*D�O1R8Y+R8j�BIPNc(KAh!�8K<O1c(T?B PfD?j�h(TUR ��H�BIj�BR8T 
$c(R�P*RMh(Y+RSP*R8K$C+F�R8KgT�F��<l�c(Y\F�od>?=�>d~"c O1D?Kd�]j�D�H8F�RSPfC+��O(FIO(F�h<BIY

ml2θ̈ + cf θ̇ −mgl sen θ = τ,
� o<>U=0_ �

O1BIKdO1R
m
R0P[T�F j�FIP*F �

l
T�F T?B�K(lID C+cdOwO1R�T�F bdF�Y*Y\F �

θ
RST ��K(l�cdTUB H8B�K Y*R0P��h!RSHsC+B FLT�FLE�RSYfC+D?HSF]T �

g
T�F�FIH�R8T?R8Y\F�H8DUJIK lIY+FGE"DUC+FIH�D?B�KdF�T �

cf
R8T!H�B"R �<H8DURSK$C*R[O1R

� Y+D?HSH�D?J�K�Y*B�C+F�H8DUBIKdF]T �
τ
T?F C*BIY+HSFMF]h(T?D?HSF�O(FNRSKkT?FLF�YfC+D?H8c(T?FIH�D?J�K�O1R8T<h<�SKdO1c �T?Bd>�~"c(h!B�KdlIF]j�B$P 
IcdRQR8T(P*D?PfC*RSj�FLP*RQH�BIKIC+Y*BIT?F h!B�Y j�RSO1D?B�O1RQc(K�j�B]C+B�Y�O1RX Z��(H�B�j�B R8T9O1RNT?F��dlIc(Y+F od>a`1> � F C*BIY+HSF�R0PihdY*BIh<BIY+H8DUBIKdF]T7F T�F�H�B�Y+Y+DURSKIC+R
$c(RLH�D?Y+H8c(T�F h!B�YQRST9j�B]C+B�Y

τ = kτ ia,
� T�F�H�B�Y+Y+DURSKIC+R R0PvC\�kO(F�OdF h!B�Y

ia =
v − va
Rs

=
v − kvω − raia

Rs
, ω = θ̇

(Rs + ra)ia = v − kvω

ia =
v − kvω

Rs + ra
,

p$�
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x

y

m

θ

τ

l


�D?l�cdY+F�od>?= � � �SKdO1c(T?B ~"DUj�h(T?R�>

τ
vava vv

ra

RsRs

iaia

kvω


�DUlIc(Y\F od>a`���@�B�C*BIYNO1R X Z �.DUV 
IcdDURSY+O(F	��� P*c H8DUY\H�cdD C+B R 
IcdDUE&F]T?R8K$C+R ��O1R �Y+RSH��dF	�rP*DUj�h(T?D �<H8FIO1Bd>

p ,



X BIKIC+Y*D?b(cdH8DUJIK
h!B�YQT?B 
$c(RLT�F�Y*RST?FIH�D?J�K R8K$C*Y+RMT?F C*BIY+HSF � RSPmEIB�TUC+F&uvRMR0P

τ = − kτkv

Rs + ra
ω +

kτ

Rs + ra
v.

�.od>?=8o �
X B�j b(DUK<F]KdO1B��.od>?=S_ � � �.od>?=8o �rBIb1C*RSK(R8j�B$P

ml2θ̈ = mgl sen θ −
(

cf +
kτkv

Rs + ra

)

θ̇ +
kτ

Rs + ra
v,


$c(RMTUD?K(R0F]T?DUV0F�O(F�F]T?Y+RSO1R0O1B�YmO1R8T�B�Y+DUlIR8K hdc(RSO1RLR0P*H8Y*D?b(D?Y+P*RMH�B�j�B
Jθ̈ = a0θ − a1θ̇ + b1v +O2(θ),

�.od>?=0p��
H�BIK

a0 = mgl, a1 = cf +
kτkv

Rs + ra
, b1 =

kτ

Rs + ra
, J = ml2;

B�R8K � B�Y+jkF HSF]K(JIK(D�H8F�H�BIj�B
[

θ̇
ω̇

]

=

[
0 1
a0

J
−a1

J

] [
θ
ω

]

+

[
0
b1
J

]

v +

[
0

O2(θ)

]

.
�.od>?=S�	�

X B�KdP*D�O1R8Y+R8j�BIP F �dB�Y\F�O1BIP h!�8KdO(c(TUB$P D?O1�SK$C*D�H�BIP �"DUK$C+R8Y\H�B�KdRSHsC\F�O1B$P�h!B�Yj�RSO1D?B O1R c(K O1D � R8Y+R8K<H�D�F]T#��c(KkC+R8Y\H�RSYrh!�8KdO1cdTUB �$H8B�j�B�R8T 
$c(R P*R j cdRSPfC*Y\FR8KgT�F��dl�c(Y\F od> _(>1q�T���K(l�cdTUB�O1R8T9C*R8Y\H�RSYQh<�SKdO1c(T?BkRSPfC+��O(FIO1B�h<BIY
θ3 = ka(θ1 − θ2) + θ0, θ0 =

H�B�K<PvC0>

 P+F]K<O1B�R8TNj���C+B"O(B�O1RST � F]l�Y\F]Kdl�D�F]K(B
T?TURSlIF]j�B$P F]TNPfD?l�cdDURSKIC+RwhdF�Y O1RRSH8cdF�H8DUBIK(RSPmO1RLj�B&E"D?j�D?R8K$C+B

(J + Ja)θ̈1 − Jaθ̈2 − a0 sen θ1 +maglaka sen θ3 = τ1 − cf θ̇1
�.od>?=G���

(J + Ja)θ̈2 − Jaθ̈1 − a0 sen θ2 −maglaka sen θ3 = τ2 − cf θ̇2,
�.od>?= ,	�

H�BIK
Ja = mal

2
ak

2
a

>qrP+H�Y+DUb(D?R8K<O1B�T?FIPLRSH8cdF�H8DUBIK(RSP �.od>?=G� � � � o<>U=�, � R8K � BIY*jkFgjkF&C*Y+D�H�D�F]T �c1C+DUT?DUV0F]KdO(B�T�F�Y*RST?FIH�D?J�K � o<>U=So	��C*R8KdR8j�BIP 
$c(R
[
J + Ja −Ja

−Ja J + Ja

] [
θ̈1
θ̈2

]

=

[
a0θ1 − a1θ̇1
a0θ2 − a1θ̇2

]

+

[
b1v1
b1v2

]

+

+

[
−aaθ1 + aaθ2
aaθ1 − aaθ2

]

+

[
O2(θ1, θ3)
O2(θ1, θ3)

]

,
�.od>?=S�	�

p��
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x

y

z

m

m

ma

l

l

la
τ1

τ2

θ1

θ2

θ3
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�DUlIc(Y+F od> _��(Z BIPmh!�8K<O1c(T?BIPQD?K$C*R8Y\H�BIK(RSH�C+FIO1BIPS>

H�BIK
aa = maglak

2
a

>Z[R0Pfhdc(�SP O(R�O1RSP*h<RfufF]Y
θ̈1
P*RNBIb1C*D?R8KdR

[

θ̇1
ω̇1

]

=

[
0 1
a0

J
−a1

J

] [
θ1
ω1

]

+

[
0
b1
J

]

v1+α

[
0 0

Jaa0 − Jaa −Jaa1

][
θ1
ω1

]

+α

[
0 0

−Jaa0 + Jaa Jaa1

] [
θ2
ω2

]

+α

[
0

Jab1(v1 + v2) +O2(θ1, θ3)

]

,

O1BIKdO1R
α =

1

J(J + 2Ja)
.

���



X BIKIC+Y*D?b(cdH8DUJIK
� O1R0Pfh(cd�SPQO1R�O1R0Pfh!RvufF�Y

θ̈2

[

θ̇2
ω̇2

]

=

[
0 1
a0

J
−a1

J

] [
θ2
ω2

]

+

[
0
b1
J

]

v2+α

[
0 0

−Jaa0 + Jaa Jaa1

][
θ1
ω1

]

+α

[
0 0

Jaa0 − Jaa −Jaa1

] [
θ2
ω2

]

+α

[
0

Jab1(v1 + v2) +O2(θ1, θ3)

]

.

~"c(h!B�KdlIF]j�B$P�
$c(R�P*RNC*D?R8K(RSK TUB$PQPfD?l�c(D?R8K$C+RSPmhdF�Y+��j�R8C*Y+BIP �
� %1# ��(��$68#&- �M%d'.-<#

m
�(> �Ip � �"l �

l
�(> _�� � j �

g
�(> ,(= �

m/s2
�

J
�d> �I�]o$p �

kg ·m2 �
a0

�d>U=So"�"=Gp �
N ·m �

ma
�(>?=S� � �"l �

la
�(>a`�p � j �

ka

�(> ,
Ja

�d> �I�]oI� �
kg ·m2 �

aa
�d>U=Gp]���I� �

N ·m �
α

=&� � ���', �
1/kg2 ·m4 �

cf
�(>ap �

N ·m · s �
kv

=�>a` �
V · s �

kτ
�(> o$p �

N ·m/A �
Rs

=S��� �
Ω
�

ra
` �

Ω
�

a1
�d> p��Ip�`�� �

N ·m · s �
b1

�d> �I�]o�o<= �
N ·m/V �

q�K$C*BIKdH�R0PmR8T9hdY*D?j�R8Y P*c(bdP*D?PfC*RSj�F�h(cdRSO1RMY+R8h(Y+RSP*R8K$C+F�Y+P*R H8B�j�B
[

θ̇1
ω̇1

]

=

[
0 1

32.7 −112.3

] [
θ1
ω1

]

+

[
0

0.98

]

v1
︸ ︷︷ ︸

��������� �
	���
�������
�� �����

+

[
0 0
−2.1 −36

]

︸ ︷︷ ︸

A11

[
θ1
ω1

]

+

+

[
0 0

2.1 36

]

︸ ︷︷ ︸

A12

[
θ2
ω2

]

+

[
0

0.31(v1 + v2) +O2(θ1, θ2, θ3)

]

,

�d=
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	 � ��� � � ��� � ��� � ��� � � ��� �����I��� � � �
� RST�PfRSl�c(K<O1BkH�B�j�B

[

θ̇2
ω̇2

]

=

[
0 1

32.7 −112.3

] [
θ1
ω1

]

+

[
0

0.98

]

v2
︸ ︷︷ ︸

��������� �
	���
�������
�� �����

+

[
0 0

2.1 36

]

︸ ︷︷ ︸

A21

[
θ1
ω1

]

+

+

[
0 0
−2.1 −36

]

︸ ︷︷ ︸

A22

[
θ2
ω2

]

+

[
0

0.31(v1 + v2) +O2(θ1, θ2, θ3)

]

.

� F]Y\FgH8B�K$C*Y+B�T�F]YMT?BIP�P*c(bdP*D�PvC+R8jkF�PMK(BIj�DUKdF�TUR0PMc1C*D?T?DUV0F]j�BIPLcdK
H8B�K$C*Y+B�T
��� e > X B�K

Q =

[
10 0
0 1

]

,
�

R = 1,

C*RSK(R8j�B$P
vi =

[
−66.9 −0.60

]
[
θi

ωi

]

.

q�K�T�F �dlIc(Y+F o<> o$F ��P*R j c(RSPfC*Y\F�T�F�Y*R0Pfhdc(RSPfC+F�O1RSTiP*D?PfC*RSjkF H�cdF�KdO1B T?BIPh!�8KdO1cdTUB$P[P*RLR8KdH8c(R8K$C*Y\F]K�O1R0P*FIH�BIh(T?FIO1BIP � PfR�C*D?R8K(RSK�T?FIP PfD?l�cdDURSKIC+RSP H8B�K �O1D�H�D?B�K(R0PQD?K(D?H8D?F�TUR0P �
θ1 = 1

�
θ2 = 0.8

�
ω1 = ω2 = 0

>dq�K�T�F��dl�cdY+F�o<> oIbP*R h(c(R0O1R�E�R8YNT�F Y+RSP*h(c(RSPfC+F O1R8T P*D?PfC*RSj�F H�cdF�KdO1B TUB$P[h!�8KdO(c(TUB$P P*R�DUK$C*RSY �H�BIK(RSH�C+F�K
FgC+Y+FGEI�SPLO1RST�C+R8Y\H�R8Y h<�SKdO1c(T?Bd> � F�Y+FgT�F P*DUj c(T?FIH�D?J�KAP*Rkc1C*D?TUD?V8J
θ0 = 1.5

>�~"RQB�bdP*R8Y+E&F 
IcdR RST(h(c(K$C+B�O1RQR 
$c(D?TUD?b(Y+DUB �$FMK(BMRSP RSTdH�RSY*B<>&q�K�T?F
�dlIc(Y+F�od> oIH �"P*R[h(c(R0O1R[BIbdP*R8Y+EGF�YrT�F�Y+RSP*h(c(R0PvC\F�H�cdF�KdO1B�PfR c1C*D?TUD?VSF�K j�B1O1BIPO1R0PfT?DUV0F]K$C*R0P DUK$C*RSl�Y\F]T?RSPS>"q�T�H8B�K$C*Y+B�T7c1C+DUT?DUV0F�O1B�� c(R

vi =
[
−66.9 −0.60

]
[
θi

ωi

]

− 35 sign(si)

si =
[
0 1.02

]
[

xi(t)− xi(0)−
∫ ∞

0

[
0 1

−32.8 −112.9

]

x(τ)dτ

]

.

� 1B<�N *�,-1 19.D<�8�, * .
45: QB*$:(, 4 Q94��/: , 1 8 QB*�� 3E8 � 471 :$<�*
X cdF]K<O1B�T�F�P D?K$C*R8Y\H�BIK(R �1D?B�K(R0P H�BIKIC+DURSK(R8KkH8B�j�h<BIK(R8K$C+RSP K(B F�H�BIh(T�F�O(FIP

φi(x) = Biδi(x) +B⊥
i ηi(x),

� P*R�O1D�Pfh!B�K(RLO1RMC+B1O1B�R8T9R0PvC\F�O1B
Ci = I,

�I`



X BIKIC+Y*D?b(cdH8DUJIK

-0.5

0

0.5

1

a)

-0.5

0

0.5

1

b)

0 10 20 30

-0.5

0

0.5

1

c)

θ1

θ2

ω1

ω2

� �������
	�� 
��


�DUlIc(Y\Fmod> o.�SF	��� �8KdO(c(TUB$P�O1R0P*H8B�K(R0HsC\F�O1B$P�H�B�K�H8B�K$C*Y+B�T�TUD?K(RSF�T�>Sb � � �SKdO1c(T?BIPD?KIC+R8Y\H�BIK(RSH�C+F�O(BIP H8B�KwH8B�K$C*Y+B�T�TUD?K(RSF�T�>�H ��� �8K<O1c(T?BIP DUK$C*RSY+H8B�K(R0HsC\F�O1B$P H�BIKH�BIK$C*Y+B�T7h<BIYQj�B"O(BIPQO1R0PfT?DUV0F]K$C*R0PmDUK$C+R8l�Y\F]T?RSPS>

R8K$C+B�KdH8RSPQH�BIj b(D?KdF�j�B$P TUB$Pmj�B1O1B$PQO1RSP*T?DUV0F]K$C*R0PiD?K$C*RSl�Y\F]T?RSPmH�BIK H∞
> � BIPH�BIK$C*Y+B�T?RSP

ui1
RSTUD?j�DUK<F]K T�F�P H�BIj�h<BIK(R8K$C*R0PmF�H�BIh(T�F�O(FIP

Biδi(x)
��T�F�O1RSP+F �H�BIh(T�F�O(FIP

B⊥
i ηi(x)

PfRNC*Y\F&C\F]K H�BIK T?BIPQH8B�K$C*Y+B�T?RSPmH�BIK$C*D?K$cdBIP
ui0
>

� F O1DUK<�]j�D?HSF O1R�TUB$PwP*c(bdP*D?PfC*RSj�FIP RSK�T?FIPwP*c(h!R8Y �<H�D?RSP O1RSP*TUD?VSF�K$C*RSP
si(xi) = 0

RSPfC+��O(FIO(F�h<BIY �$EIR8Y �._d>a��� �
ẋi = Aixi +Biui0 +B⊥

i B
⊥+
i Aix,


$c(RMR8K K(B�C+F�H8DUJIK H∞
h(c(R0O1R8K R0P*H8Y*D?b(D?Y+P*RNH8B�j�B

ẋi = Aixi +Bi1w +Bi2ui0, Bi1 = B⊥
i B

⊥+
i Ai, w = x

zi = Ci1xi +Di12ui0

yi = xi~"D7PfRMP+F&C*D�P �.F�H�RSKkT?FIPiH8B�KdO(D?H8DUBIK(RSPiO1R8T!C*RSB�Y+R8jkFk= hdF]Y\FMC*B1O(F
i = 1, . . . , ν

�R8K$C+B�KdH8RSPQP*RMP+F&C+D?P �.F�H8R8KgT?FIPQPfD?l�cdDURSKIC+RSP Y+R8T�F�H�D?B�KdRSP
Vi(xi) = xT

i Xi∞xi, V̇i ≤ −‖Ci2xi‖2 − ‖ui0‖2 + γ2
i ‖x‖2.

�I_
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�[FIH�D?R8KdO1B

Ci1 = I
h!B1O1R8j�BIP�E�RSY 
$c(R�T�F � cdKdH�D?J�K O(R � �$F]h(cdK(B&E��.od>?=0`��H�cdj�hdTUR�H8B�K

V̇ ≤ −
ν∑

i=1

(
‖xi‖2 + ‖ui0‖2 − γ2

i ‖x‖2
)

= −‖x‖2 − ‖u0‖2 + ‖x‖2
ν∑

i=1

γ2
i , u0 , col(u10, . . . , uν0)

= −‖x‖2(1− ‖γ‖2)− ‖u0‖2, γ , col(γ1, . . . , γν).

qrPQR0P��.��H8DUT9EIR8Y 
$c(R
V̇ < 0 ∀ x 6= 0

P*D
‖γ‖ < 1.

� �S� ( � '.-
X B�KdP*D�O1�8Y+R8KdP*RLO1BIPQP*D�PvC+R8jkF�P D�O1�8K$C*D�H�B$PmRLDUK$C+R8Y\H�B�KdRSHsC\F�O1B$P





ẋi1

ẋi2

ẋi3



 =





0 1 0
−2 −3 4
−11 −6 −1









xi1

xi2

xi3



 +





0
2
3



ui +

+





0.05 0.11 −0.02
1.65 −1.19 7.98
2.45 −1.84 11.98









xj1

xj2

xj3



 ,
�.od>a`]�	�

j 6= i, i, j = 1, 2.q�T�P*D�PvC+R8jkF�R8K T?F�P*c(h!R8Y �<H�D?RLO1RSP*TUD?VSF�K$C*RMRSPfC+��O(FIO1B�h<BIY




ẋi1

ẋi2

ẋi3



 =





0 1 0
−2 −3 4
−11 −6 −1









xi1

xi2

xi3



 +





0
2
3



ui0 +

+





0.050 0.110 −0.020
0.012 0.025 −0.005
−0.008 −0.017 0.003









xj1

xj2

xj3



 .

� FIPQH�B�K<O1D?H8DUBIK(RSPQO(R8T7C*RSB�Y+R8jkFg=LPfRLP+F&C*D�P �.F�H�RSKgH8B�K

Xi∞ =





12.29 3.95 0.51
3.95 1.61 0.04
0.51 0.04 0.49



 , γi = 0.15

�]o



X BIKIC+Y*D?b(cdH8DUJIK
X B�j�B ‖γ‖2 = 0.045

� T�F�H�BIKdO1D�H�D?J�K�hdF]Y\F T?F
R0PvC\F]b(D?T?D?O(FIO
O1R8TNPfD�PfC*R8jkFD?KIC+R8Y\H�BIK(RSH�C+F�O(B P*RMP+F&C+D?P �.F�H8R�> � B$PmH�B�K$C+Y*BITUR0PiH8B�K$C*D?K"c(BIP RSPfC+��K O(FIO1BIP h!B�Y
ui0 =

[
−9.42 −3.34 −1.56

]

︸ ︷︷ ︸

Fi∞=−BT
i

Xi∞

xi

� T�F�PQP*c(h!R8Y �<H�D?RSPQO1R0PfT?D?VSF]K$C+RSPmh!B�Y
si =

[
0 0.15 0.23

]

︸ ︷︷ ︸

B
+

i

[

x(t)− x(t0)−
∫ t

t0

(Ai +BiFi)x(τ)dτ

]

.

� F]Y\FMT?F�Y*R0Pfh(cdRSPfC+FLO1RST!P*D?PfC*RSjkF�
$c(R[P*R DUT?cdPfC*Y\FLR8KkT�F �dlIc(Y\FMod>apLPfR[c1C*D?TUD?V8JR8T9H8B�K$C*Y+B�T9O(D?P+H�BIKIC+DUK"c(B
ui1 = −2.5

si

|si|+ 0.001

� RST H8B�K&uvc(K$C+B�O1RwH�BIKdO1D�H�D?B�K(R0P�DUKdD?H8D?F�TUR0P
xi1(0) = 0.1

�
xi2(0) = 0.5

�
xi3(0) = 2

> X B�K T�F��dl�c(Y\F�hdc(RSO1RNE�RSY*D �<HSF]Y\PfR T�F RSPfC+F]bdDUT?D?OdF�O O1RST9PfD�PfC*R8jkFD?KIC+R8Y\H�BIK(RSH�C+F�O(Bd>
� 1B<�N *�,-1 � 8;354E, 8 .
45: M */:-, 4	Q24 �$: , 1�� QB*�� 3E8 � 4E1 :$<�*

� F]Y\F[RSTdH8FIPfBMO1RQY+R�C*Y+B � F]T?D?j�RSK$C+F�H8DUJIK�O1R P+F]T?D?O(FNO1R��dK(D?j�B$P c(KkH�BIK&uvc(K �C*BkO1RMC+Y+F�KdP � B�Y+j�FIH�D?B�K(R0PrKdB�P*D?K(l�c(T�F]Y+RSP
Ti =

[

B⊥+
i

(CiBi)
+Ci

]
�

Tiy =

[
(CiBi)

⊥+

(CiBi)
+

]

R8K R8T"RSPfC+FIO1B �LR8K T�FNP*F�TUD�O(F Y*R0Pfh!RSH�C*D?EGF�j�R8K$C*RI> � BIP PfcdbdPfD�PfC*R8jkFIP�O1RmBIY+O1RSKY+RSO1cdH8D?O(B�P*B�K �$EIR8Y �._d>U=0� � �
v̇i1 = Ai11vi1 +Ai22vi2 +B⊥+

i Aix

ȳi1 = (CiBi)
⊥+CiB

⊥
i vi1,


$c(RMR8K K(B�C+F�H8DUJIK H∞
h(c(R0O1R8K R0P*H8Y*D?b(D?Y+P*RNH8B�j�B

v̇i1 = Ai11vi1 +Bi1w +Bi2vi2,H�BIK
Bi1 = B⊥+

i Ai � Bi2 = Ai12
�
w = x

>
zi = Ci1vi1 +Di12vi2

ȳi1 = Ci2vi1, Ci2 = (CiBi)
⊥+CiB

⊥
i vi1.

�$p
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~"D7PfRMP+F&C*D�P �.F�H�RSKkT?FIPiH8B�KdO(D?H8DUBIK(RSPiO1R8T!C*RSB�Y+R8jkFk= hdF]Y\FMC*B1O(F
i = 1, . . . , ν

�R8K$C+B�KdH8RSPQP*RMP+F&C+D?P �.F�H8R8KgT?FIPQPfD?l�cdDURSKIC+RSP Y+R8T�F�H�D?B�KdRSP
Vi(vi) = vT

i1Xi∞vi1, V̇i ≤ −‖Ci2vi1‖2 − ‖vi2‖2 + γ2
i ‖x‖2.

�[FIH�D?R8KdO1B
Ci1 = I

h!B1O1R8j�BIP�E�RSY 
$c(R�T�F � cdKdH�D?J�K O(R � �$F]h(cdK(B&E��.od>?=0`��H�cdj�hdTUR�H8B�K

V̇ ≤ −
ν∑

i=1

(
‖vi1‖2 + ‖vi2‖2 − γ2

i ‖x‖2
)

= −‖Tixi‖2 + ‖x‖2
ν∑

i=1

γ2
i

= −‖Tx‖2 + ‖x‖2
ν∑

i=1

γ2
i , T , diag(T1, . . . , Tν)

≤ = −‖x‖2
(
λm(T TT )− ‖γ‖2

)
,

���



X BIKIC+Y*D?b(cdH8DUJIK
O1BIKdO1R

λm(T TT )
R0P R8T(j �?K(DUj�BLRSDUlIR8K � E&F]T?B�Y O1R

T TT
>&qiP RSP �.�IH�D?T(E�RSY 
$c(R

V̇ < 0 ∀ x 6= 0
P*D

‖γ‖2 < λm(T TT ).

� �S� ( � '.-
X B�KdP*D�O1�8Y+R8KdP*R B�C*Y\F EIR8V T?BIPMP*D?PfC*RSjkF�P�� od>a`]�	��
�P*c(h<BIK(lIF�j�BIP 
$c(R�P*J�T?BRSPfC+��KgO(D?P*h<BIK(D?b(TUR0PmT?FIPQP*F�TUD�O(FIP

yi =

[
5 2 1
2 3 1

]

.

� FIP C*Y\F]KdP � B�Y+jkF�H8DUBIK(RSP

vi =





−1 0 0
0 −0.83 0.55

0.41 0.32 0.12





︸ ︷︷ ︸

Ti

xi

�
ȳi =

[
−0.79 0.61
0.05 0.07

]

︸ ︷︷ ︸

Tiy

yi

R �1h(Y+RSP+F]K TUB$PQPfD�PfC*R8jkFIP � od>a`]�	� H�B�j�B
[
v̇i1

v̇i2

]

=

[
−0.82 0.44
0.37 −2.78

][
vi1

vi2

]

+

[
−2
−9.98

]

vi3 +

+

[
−0.05 −0.11 0.02
−0.01 −0.03 0.01

]




xj1

xj2

xj3




� o<> `(=SF	�

ȳ1 =
[
2.72 −0.32

]
[
vi1

vi2

] �.od>a`1=8b �
�

v̇i3 =
[
2.64 2.14

]
[
vi1

vi2

]

+ 1.6vi3 + u+

+
[
0.84 −0.56 3.98

]





xj1

xj2

xj3




� o<> `I`]F	�

ȳ2 = vi3.
�.od>a`�`&b �

� F]Y\FwT?BIP�P*c(bdP*D?PfC*RSj�FIP O(RgBIY+O(R8K Y+RSO(cdH�D�O1B �.od>a`1= � � T?FIP�H�B�K<O1D?H8DUBIK(RSPO1RST7C*R8BIY*RSjkF =LP*RLP*F]C*D�P��.FIH�R8K H�BIK
Xi∞ =

[
0.49 −0.04
−0.04 0.08

]

, Yi∞ =

[
0.020 0.004
0.004 0.001

]

, γi = 0.158

�"�
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X B�j�B

λm(T TT ) = 0.063
� ‖γ‖2 = 0.050

��T?F H�B�K<O1D?H8DUJIK�hdF�Y+F�T�FRSPfC+F�b(D?TUD�O(F�O�O(R8T�P*D�PvC+R8jkFkD?KIC+R8Y\H�BIK(RSH�C+F�O(B PfR P+F&C+D?P �.F�H8R�> � BIP[RSPfC*D?jkF�O1BIY*R0PP*RMO(D?P*R8�dF�K RSK$C*B�K<H�RSPQH8B�j�B
[

˙̂vi1

˙̂vi2

]

=

[
−1.86 −0.98
−5.12 −9.94

]

︸ ︷︷ ︸

Âi∞

[
v̂i1

v̂i2

]

+

[
−0.065 0.051
−0.013 0.010

]

︸ ︷︷ ︸

−Zi∞Li∞(CiBi)⊥+

yi

� T�F�PQP*c(h!R8Y �<H�D?RSPQO1R0PfT?D?VSF]K$C+RSPQH�BIj�B

si =
[
0.553 0.717

]

︸ ︷︷ ︸

−Fi∞

[
v̂i1

v̂i2

]

+
[
0.054 0.069

]

︸ ︷︷ ︸

(CiBi)+

yi.

� F]Y\F T�F�PfD?j cdT?FIH�D?J�K O(RLT?F��dlIc(Y+F �.od> � � �(P*RMc1C*D?T?DUV0F]Y+B�KgTUB$PQH�B�K$C+Y*BITUR0P
ui = −7.5

si

|si|+ 0.005

� RST H8B�K&uvc(K$C+B�O1RwH�BIKdO1D�H�D?B�K(R0P�DUKdD?H8D?F�TUR0P
xi1(0) = 0.1

�
xi2(0) = 0.5

�
xi3(0) = 2

>d~"RLh(cdRSO1RME�RSY 
$c(RLR8T9P*D?PfC*RSjkF D?K$C*RSY+H8B�K(R0HsC+FIO1B�RSPmRSPfC+F�b(T?R�>

� ,
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