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Abstract: We consider systems that possess a local but non-global port-Hamiltonian representation. We show that non-globality is a consequence of the phase-space topology and
that local port-Hamiltonian systems may transgress the dissipation inequality satisfied by their
global counterparts. Far from being a defect, non-globality extends the modeling power of portHamiltonian systems by providing a framework to model cyclic physical processes for energy
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1. INTRODUCTION

can be used to analyze the energy exchange along closed
orbits.

Port-Hamiltonian models have proven helpful in analyzing
physical systems with energy exchanges that occur among
subsystems and with the environment (Duindam et al.,
2009). Within the Hamiltonian framework, models of complex systems are easily constructed by interconnecting
simpler submodels belonging to possibly different physical
domains such as mechanical, electrical, or thermodynamic.
Furthermore, port-Hamiltonian models satisfy a cyclopassive inequality that can be used as a starting point for
applying passivity-based control techniques (Ortega et al.,
2001, 2002b, 2008).
In a recent paper, the authors presented and analyzed a
simple model for a Stirling engine. The model, defined on
the cylinder S×R, was developed to study the bifurcations
that lead to the appearance of stable closed orbits and
ultimately to the useful conversion of heat flow into work
(Gromov and Castaños, 2020). Remarkably, the developed
model has a port-Hamiltonian system structure, but the
Hamiltonian function is discontinuous, albeit the system
equations are perfectly smooth.
We show that it is precisely the discontinuous behavior of the Hamiltonian that leads to the appearance of
stable limit cycles in the system. Specifically, we show
that the presence of discontinuities in the Hamiltonian
function violates the cyclo-passive inequality satisfied by
port-Hamiltonian systems with otherwise smooth Hamiltonians. In the context of physical processes for energy
conversion, the violation of the cyclo-passive inequality is
a positive feature, necessary for the existence of closed
orbits along which a net amount of energy is extracted
through the system’s port. In place of the usual cyclopassive inequality, we formulate a hybrid inequality that
© 2021 the authors. Accepted by IFAC for publication
under a Creative Commons License CC-BY-NC-ND
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It is well known that the Hamiltonian structure of a given
vector field is a consequence of the vector field being
symplectic, i.e., of preserving some non-degenerate 2-form.
In this paper, we show that the Hamiltonian function may
fail to be continuous whenever the state-space admits 1forms that are closed but not exact, a condition that is
intimately related to the topology of the phase space and
is captured by the so-called Betti numbers.
In the following section, we discuss the implications that
closed but inexact forms have in the context of Hamiltonian systems. In Section 3, we recall the property of
cyclo-passivity and discuss how it hampers the extraction of energy through cyclic motions. In Section 4, we
show that models with symplectic but non-Hamiltonian
vector fields are not necessarily cyclo-passive and hence
present an appropriate framework for describing energy
conversion/extraction processes. For this kind of systems,
we propose a hybrid dissipation inequality to replace the
usual continuous one. Conclusions are given in Section 5.
2. ON SYMPLECTIC BUT ONLY LOCALLY
HAMILTONIAN SYSTEMS
Allow us to recall some differences between symplectic and
Hamiltonian vector fields.
Let (M, ω) be a 2n-dimensional manifold, M, endowed
with a symplectic 2-form, ω. A vector field XS on M is
said to be symplectic if the Lie derivative of ω along XS is
zero,
LXS ω = 0 .
(1)
Let ıXS ω be the contraction of ω with XS . Recalling
Cartan’s formula, LXS ω = ıXS dω + d(ıXS ω), and the fact
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that ω is closed by definition, i.e., dω = 0, we can readily
see that (1) is equivalent to the 1-form ıXS ω being closed,
d(ıXS ω) = 0 .
Now, XH is said to be Hamiltonian if there exists a
function H on M such that
ıXH ω = dH ,
(2)
that is, if ıXH ω is exact. Since every exact form is closed,
we know that every Hamiltonian vector field is symplectic.
The converse direction — is every closed form exact? —
is more subtle.
The set of all differential k-forms on M is a linear
space and the set Z k (M) of all closed k-forms is its
subspace. Correspondingly, the set of all exact forms
B k (M) is a subspace of Z k (M). The quotient space
k
(M) is called the k-th de Rham
Z k (M)/B k (M) = HdR
cohomology group of M, and its dimension bk (M) =
k
(M)) is called the k-th Betti number. Obviously,
dim(HdR
the Betti number is equal to zero if the sets of closed and
exact k-forms on M coincide. See, e.g., Lee (2003)[Ch. 15]
or Arnold (1989)[Ch. 7] for details.
We will be interested in the first Betti number of the
manifold M. Intuitively, this number is equal to the
maximal number of cuts of M that can be made without
changing the connectivity of M. The cohomology groups
and the respective Betti numbers of the manifolds that
constitute the phase space of Hamiltonian systems are well
known. We know, for example, that:
• The first Betti number of the cotangent bundle M =
T ∗ Rn ' R2n is zero. Every closed 1-form is exact, so
every symplectic vector field is Hamiltonian.
• Let Tn be the n-torus, i.e., Tn = S × · · · × S. The
first Betti number of M = T ∗ Tn ' Tn × Rn is equal
to n. Not every closed 1-form is exact, so there are
symplectic vector fields that are not Hamiltonian, by
which we mean that (2) may hold locally, but not
globally.
Further, since every neighborhood of M is homotopy
equivalent to R2n , every closed form is locally exact,
regardless of M.
Definition 1. Given a symplectic vector field XS on M,
an open, dense submanifold H ⊂ M is said to be a
Hamiltonian domain of XS if the restriction ıXS ω|H is
exact.
Since the first Betti number of M = S × R is equal to 1,
there exists a one-dimensional subspace of closed 1-forms
on M that are not globally exact. Specifically, we have
1
HdR
(M) ' {adq | a ∈ R} = Σ1 (M) ,
where Σ1 (M) ⊂ Z 1 (M) is the subspace of all differential
1-forms on M that are closed, but not exact, i.e., Z 1 (M) =
Σ1 (M)⊕B 1 (M). — As a side remark, the subspace Σ1 (M)
is not defined uniquely. There is no notion of orthogonal
complement for differential forms, at least without any sort
of metric structure. —
R 2πThe above follows from1 the fact
(M) is
that d(dq) = 0, but 0 dq = 2π 6= 0. Since HdR
1-dimensional, it is isomorphic to the span of dq.
The above implies that any symplectic vector field on
M can be written as XS = XH + Xσ , where XH is
202

Fig. 1. Potential energy P (q) = cos q − 21 q. Due to the
discontinuity at q = 0, we say that P , and hence H,
are not defined globally.
a Hamiltonian vector field and Xσ is such that ıXσ ω ∈
∂
,
Σ1 (M). A simple calculation will verify that Xσ = a ∂p
a ∈ R.
Below, we present an example illustrating the analysis
carried out above.
Example 2. Let (q, p) ∈ [0, 2π) × R be coordinates of
M = T ∗ S. The vector field 

1 ∂
∂
+ sin q +
(3)
XS = p
∂q
2 ∂p
is globally defined on M, inasmuch as the periodicity of
sin q ensures that limq→2π− XS (q,p) = limq→0+ XS (q,p) for
all p. The contraction of the canonical 2-form ω = dq ∧ dp
yields the 1-form


1
ıXS ω = dq(XS )·dp−dp(XS )·dq = − sin q +
dq+pdp .
2
Clearly, ıXS ω is closed; however, it is exact only locally.
Indeed, we have (2) with
1
1
(4)
H(q, p) = p2 + cos q − q + c
2
2
and c an arbitrary real constant. Note that the aperiodic
term q results in
lim − H(q, p) 6= lim+ H(q, p)
q→2π

q→0

and in H not being defined globally on M. Following the
standard convention, we associate the first term on the
right-hand side of (4), K(p) = 21 p2 , with the kinetic energy; the remaining terms constitute the potential energy,
P (q) = cos q − 21 q + c (see Fig. 1).
2
The previous example was motivated by the Stirling engine
modeled in Gromov and Castaños (2020). The Stirling
engine is also defined on S × R and, while the vector field
is more involved, it can also be represented as a sum of a
periodic and a constant component. The latter determines
the discontinuous character of the potential energy on S.
3. CYCLO-PASSIVITY, LIMIT CYCLES, AND
PORT-HAMILTONIAN SYSTEMS
In this section we briefly recall cyclo-passivity, the property that is weaker than the well-known property of passivity (Willems, 1972; van der Schaft, 2017). We focus on the
implications of cyclo-passivity to the system’s ability to
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sustain oscillations. Finally, we discuss the cyclo-passivity
of port-Hamiltonian systems.
3.1 Cyclo-passivity and limit cycles
We consider open systems of the form
i
· ui
ẋ(t) = Xx(t) + Ux(t)

y i (t) = hi (x(t))

.

(5)

Here, X and the U i , i = 1, . . . , m are vector fields defined
on a smooth manifold M. By
i
∈ Tx(t) M
Xx(t) , Ux(t)

we denote the tangent vectors assigned to x(t) ∈ M.
The hi are real-valued functions, also defined on M. The
ui , y i ∈ R are the system inputs and outputs, respectively.
We adhere to Einstein’s summation convention, so that
m
X
i
i
· ui .
Ux(t)
· ui =
Ux(t)
i=1

Definition 3. System (5) is said to be passive if there exists
a function V : M → R+ , called a storage function, such
that
Z t2
V (x(t2 )) − V (x(t1 )) ≤
y i (t)ui (t)dt
(6)
t1

for all t1 , t2 ∈ R. When V : M → R, i.e., when V is
not required to be nonnegative, the system is said to be
cyclo-passive.
If we let t1 tend to t2 in (6), we recover the differential
form of the passivity condition:
V̇ (t) ≤ y i (t)ui (t).

(7)
i

The inequality (7) implies that the term y (t)ui (t) can be
interpreted as the rate of change of the storage function. In
particular, if we consider energy as the storage function,
the product y i (t)ui (t) has the dimension of power, [W].
Respectively, y i (t)ui (t) > 0 implies that energy is injected
into the system while y i (t)ui (t) < 0 corresponds to the
extraction of energy.
The notion of cyclo-passivity is more general than the
notion of passivity, as any cyclo-passive system is passive
as well. That is to say, the inequality (6) holds for both
classes of systems, but for passive systems we additionally
require that V be bounded from below.
There are a number of Hamiltonian systems that are cyclopassive, but not passive. A mechanical example is the ball
and beam (Ortega et al., 2002a). Interestingly enough,
an open thermodynamic system can as well be seen as
a cyclo-passive system if we interpret negative entropy as
the storage function (Willems, 1972).
The results presented in the rest of this section are
independent of the type of storage function and hence
apply to the broad class of cyclo-passive systems.
Note that, whenever the ui are such that x(0) = x(T ),
T > 0, inequality (6) implies that
Z T
y i (t)ui (t)dt ,
(8)
0≤
0
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which explains the qualifier cyclo 1 . In words, cyclo-passive
systems cannot deliver a net amount of energy along
closed orbits. Intuitively, a net amount of energy has to
be absorbed by the system in order to compensate the
energy that the system dissipated when going along the
closed orbit.
Several refinements for the concept of passivity have been
proposed in the literature, most of them involving some
stricter versions of (6). There is, e.g., output-strict passivity, input-strict passivity (van der Schaft, 2017), and
strict passivity (Kottenstette and Antsaklis, 2010). For the
purposes of this paper, we will use the following.
Definition 4. We will say that (5) is strictly cyclo-passive
if it is cyclo-passive and if (8) is strict whenever x(0) is
not an equilibrium.
One consequence of (8) is that (5) cannot act as a power
source if its operation is cyclic. Furthermore, if (5) is
strictly cyclo-passive, then the unforced system cannot
posses limit cycles and, more generally, non-trivial closed
trajectories, i.e., closed trajectories that do not coincide
with an equilibrium point. To put it differently, in a strictly
cyclo-passive system a limit cycle can exist only when there
is a net inflow of energy into the system.
Proposition 5. Suppose that (5) is strictly cyclo-passive.
RT
For any ui such that 0 y i (t)ui (t)dt ≤ 0, there cannot
exist a (non-trivial) closed trajectory satisfying x(0) =
x(T ).
Proof. Consider a trajectory x(t) satisfying x(0) = x(T )
and Xx(0) 6= 0, where the latter implies that x(0) is not an
equilibrium point. The system (5) is strictly cyclo-passive.
RT
Hence, for 0 y i (t)ui (t)dt ≤ 0 we have
Z T
0 = V (x(T )) − V (x(0)) <
y i (t)ui (t) dt ≤ 0 ,
0

a contradiction. Note that the equilibria are excluded
from the definition of strict cyclo-passivity and hence, the
only admissible solution is Xx(0) = 0 and u(t) ≡ 0, i.e.,
x(0) = x(T ) is an equilibrium.
2
Note that continuity of V is not a requirement, neither
for cyclo-passivity nor for passivity. Continuity is usually
required separately when establishing stability (Willems,
1972).
3.2 Cyclo-passivity of port-Hamiltonian systems
Port-Hamiltonian systems can be traced back to, e.g.,
Maschke et al. (1992); Maschke and van der Schaft (1992).
Allow us recall the definition.
Definition 6. System (5) is said to be port-Hamiltonian if
M is endowed with a symplectic structure ω, and if there
exists H : M → R such that
X = XH − R

and hi = LU i H ,

where XH is Hamiltonian and the damping vector field R
satisfies LR H ≥ 0.
1 While (6) ⇒ (8) is straightforward, the converse is more delicate
and has only been recently proved by van der Schaft (2020).
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It is straightforward to verify that port-Hamiltonian systems are cyclo-passive with storage function H. Note that
LXH H = dH(XH ) = ω(XH , XH ) = 0, so
LX H = y i ui − LR H .
Integrating this equation from t1 to t2 gives the energy
balance
Z t2

H(x(t2 )) − H(x(t1 )) =
y i (t)ui (t) − LR H(x(t)) dt
t
Z 1t2
y i (t)ui (t)dt .
≤
t1

(9)
Inequality (6) is satisfied with V = H.
Strict cyclo-passivity is relatively easy to verify in portHamiltonian systems.
Proposition 7. Consider a port-Hamiltonian system and
suppose that
LR H(x(t)) = 0 ⇒ ẋ(t) = 0 , ∀ t ∈ O
(10)
holds for any real open subinterval O ⊂ [t1 , t2 ], t1 < t2 ,
and for any admissible solution x(t) to (5). Then, the
system is strictly cyclo-passive.
Proof. Set t1 = 0 and t2 = T in (9) and suppose that the
ui are such that H(x(T )) = H(x(0)). We have
Z T
Z T
y i (t)ui (t)dt .
(11)
LR H(x(t))dt =
0

0

We proceed by contradiction. Suppose that x(t) is not an
equilibrium solution, i.e., that ẋ(t) 6= 0 in some subinterval
of [0, T ]. Suppose, further, that the controls ui are such
that the right-hand side of (11) is equal to zero. Since
LR H(x(t)) ≥ 0 for all t ∈ [0, T ], it holds that LR H(x(t)) =
0 for all t ∈ [0, T ], which implies that ẋ(t) = 0 for all
t ∈ O ⊂ [0, T ], a contradiction. This proves that the lefthand side of (11) is strictly positive, and hence the system
is strictly cyclo-passive.
2
Example 8. Consider a port-Hamiltonian system defined
on M = T ∗ S, with vector fields
∂
∂
∂
∂
+ cos q sin q
, R = 2p
, U1 =
,
XH = p
∂q
∂p
∂p
∂p
and output function h1 (q, p) = p. The contraction of the
canonical 2-form yields
ıXH ω = dq(XH ) · dp − dp(XH ) · dq = − cos q sin qdq + pdp .
The 1-form is exact with
1
1
H(q, p) = p2 + cos2 q + c , c ∈ R .
2
2
The function is defined globally on M since
lim H(q, p) = H(0, p) ,
q→2π

so XH is Hamiltonian, as claimed. It can be readily verified
that LR H(q, p) = 2p2 ≥ 0 and that h1 = LU 1 H. Now,
let O be a real interval. We have the following chain of
implications that holds for all open subintervals O:
LR H(q(t), p(t)) = 0 ⇒ p(t) = 0 ,
t∈O,
⇒ q̇(t) = ṗ(t) = 0 ,
t∈O.
Thus, the system is strictly cyclo-passive and does not
admit limit cycles.
2
In the following section we will show that there are systems
that are port-Hamiltonian only locally and, because of
this, they are not cyclo-passive and do admit limit cycles.
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4. A HYBRID DISSIPATION INEQUALITY FOR
SYMPLECTIC SYSTEMS
The following definition follows naturally from our discussion about symplectic and Hamiltonian vector fields.
Definition 9. System (5) is said to be port-symplectic
(or locally port-Hamiltonian) if M is endowed with a
symplectic structure ω and if:
i) X = XS − R, where XS is symplectic with a Hamiltonian domain H.
ii) There exists a function H : H → R such that
XS H = XH , LR H ≥ 0 and hi H = LU i H.
Example 10. Consider a system defined on M = T ∗ S with


∂
∂
1
∂
X=p
+ sin q + − 0.15p
, U1 =
,
∂q
2
∂p
∂p
and the output function y 1 = h1 (q, p) = p. We have
X = XS − R with XS as in (3) (i.e., symplectic) and
R = 0.15p. Let q̄ ∈ S and note that the 1-form ıXS ω
is exact on the Hamiltonian domain H = M \ S with
S = {q̄} × R (this is expected, as the Betti number
b1 (H) = 0). For concreteness, we set q̄ = 0 but, since
the phase space M is rotation invariant, this point can
be arbitrarily chosen. The antiderivative of ıXS ω is given
by (4). As before, it is straightforward to verify that
LR H ≥ 0 and that h1 H = LU 1 H. Thus, the system is
port-symplectic, but not globally port-Hamiltonian.
2
Consider a port-symplectic system (5) with Hamiltonian
domain H. Let x(t1 ) ∈ Rn be the initial condition and
ui : [t1 , t2 ] → R the control inputs. Suppose that the
path {x(t) ∈ M | t ∈ [t1 , t2 ]} is transversal to S = M \
H and that x(t1 ), x(t2 ) 6∈ S. Transversality ensures that
trajectories that approach S do not stay in S, so that
Ktt21 = {τ ∈ [t1 , t2 ] | x(τ ) ∈ S}
is at most countable. We then have the hybrid energy
balance
X
H(x(t2 )) − H(x(t1 )) −
∆H(τ ) =
t

τ ∈Kt2
1

Z

t2


y i (t)ui (t) − LR H(x(t)) dt , (12)

t1

where ∆H(τ ) = limt→τ + H(x(t)) − limt→τ − H(x(t)).
Clearly, a necessary condition for a port-symplectic system
to be cyclo-passive is that, for every path transversal to S,
∆H(τ ) ≤ 0 ,

τ ∈ Ktt21 .

Along a cycle with x(0) = x(T ), the hybrid energy balance
becomes
Z T
Z T
X
LR H(x(t))dt−
∆H(τ ) =
y i (t)ui (t)dt . (13)
0

τ ∈KT
0

0

However,P
if the sum of the jumps in the Hamiltonian
function
∆H along the trajectory x(t) is positive and
large enough, itR can compensate for the effect of the
dissipative term LR H(x(t))dt along a cycle (the system
is not strictly cyclo-passive any longer) and even deliver
a net amount of energy to the control port (the system is
not cyclo-passive).
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Fig. 2. Poincaré map of Example 11. There is a stable limit
cycle passing through the point (π, p∗ ) with p∗ ≈ 3.1.

Fig. 4. Hybrid power balance (12) of Example 11. The
change in stored energy is equal to the energy dissipated plus the energy extracted plus a hybrid term
resulting from the non-Hamiltonian nature of the system.
 
q
x(0) = x(T ) = 0
p0
with q0 = π, and p0 some initial and final generalized
momentum. Computations are simpler if we eliminate time
from the differential equations. That is, we let p be a
function of q and consider q as the independent variable.
We have
sin q − 0.5
5
dp
(q) =
−
− 0.15 , p(q0 ) = p0 .
dq
p(q)
1 + 20 p(q)2
(14)
Let us denote the solution to (14) by p(q) = φq,q0 (p0 ).

Fig. 3. Limit cycle of Example 11.
Example 11. Consider the port-symplectic system of Example 10. We desire to continuously extract energy from
the system, so we introduce the feedback control
5 · y 1 (t)
.
u1 (t) = −
1 + 20 · (y 1 (t))2

To avoid the introduction of more coordinate charts, we
will specify the first return map, ψ, as the composition of
two maps,
φ2π− ,π (p0 ) = lim − φq,π (p0 )
q→2π

and
φπ,0+ (p0 ) = lim φπ,q (p0 ) .
q→0+

◦φ2π− ,π (p0 ). The first return
That is, we set ψ(p0 ) = φ
map is shown in Fig. 2. We can see that there is a fixed
point, p∗ = ψ(p∗ ), at p∗ ≈ 3.1. The isolated fixed point
confirms the existence of an isolated closed-orbit. Also, for
p close to p∗ , the magnitude of the slope of ψ(p0 ) — and
hence, the eigenvalue of the Poincaré map — is less than
one, so the limit cycle is stable (see Fig. 3).
π,0+

This ensures that y 1 u1 ≤ 0 and that the extracted power
approaches the constant value 0.25 as the magnitude of y1
increases.
Note that there there is only trajectory that is not
transversal to S, the one that passes through the point
(0, 0). To see this, consider a trajectory and suppose that,
at some time t, it is tangent to S. Then, q(t) = 0 and
q̇(t) = p(t) = 0. Since closed orbits cannot be signchanging (Gromov and Castaños, 2020), every closed orbit
necessarily excludes the point (0, 0). We conclude that
every closed orbit is transversal to S. This result can be
readily extended to the case q̄ 6= 0.
Since the system is symplectic but only locally Hamiltonian, there may be limit cycles. To investigate their actual
existence, we will construct the first return (or Poincaré)
map. Let us define the cross-section {π} × R. We are
looking for a closed trajectory γ of the form
205

The limit cycle crosses S once. Since p is positive, S is
crossed in the direction in which q increases as follows
from q̇ = p. Thus, the hybrid term on a cycle is simply
∆H(τ ) = lim+ H(q, p) − lim − H(q, p) = π
q→0

q→2π

for some p > 0 and τ ∈ (0, T ) such that limt→τ + q(t) =
0 and limt→τ − q(t) = 2π. The fact that ∆H(τ ) > 0
confirms that the system is not passive. The hybrid energy
balance (12) is illustrated in Fig. 4 for two cycles.
Note that if p∗ is negative, the corresponding limit cycle
is traversed in the opposite direction and the respective
hybrid term is defined as
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∆H(τ ) = lim H(q, p) − lim H(q, p),
q→2π −

q→0+

where now we have limt→τ + q(t) = 2π and limt→τ − q(t) =
0. This implies that both positive and negative jumps in
the Hamiltonian function can lead to the existence of limit
cycles. However, the direction would change depending on
the sign of the jump (See Gromov and Castaños (2020) for
more detail).
5. CONCLUSION AND FUTURE WORK
In this paper, we explored system models that are Hamiltonian only locally, in the sense that they have a global
Hamiltonian structure (are globally symplectic) but the
Hamiltonian function is only locally defined (it is not
continuous everywhere). Such system models arise naturally on configuration spaces that are not “flat” (the Betti
number is different from zero). Besides their theoretical
appeal, locally Hamiltonian models have practical interest,
as they can be used to model physical processes involving
energy conversion and extraction by cyclic operation.
The results presented in this paper suggest research along
several lines. There is, e.g., the problem of optimal energy extraction, a control problem less explored than the
usual set-point regulation or tracking. Other problems
are how to find the Hamiltonian domain, how to ensure
the transversality condition, and how to compute ∆H in
systems with higher-dimensional configuration spaces.
An interesting theoretical problem is the following. Passivity can be completely characterized by its input–output
behavior, that is, without reference to a state-space model.
Indeed, recall that a system is passive if, and only if,
Z T
sup −
y i (t)ui (t)dt < +∞ .
u(·), T ≥0

0

A corresponding input–output characterization has not
been found for cyclo-passivity, as closed orbits cannot
be disassociated from the notion of state. Now, the fact
that the system of Example 10 is not cyclo-passive rests
on the choice of S × R as state space. Alternatively, we
could take R2 as state space and regard the points (q, p)
and (q + 2πk, p), k ∈ N, as different. In the latter case,
the system would be cyclo-passive (but would not exhibit
closed-orbits). This suggests that, contrary to passivity,
cyclo-passivity may not be an intrinsic property and may
depend on the representation used.
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